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Abstract  

This study compares Malaysian and Korean geometry content in mathematics textbooks to help explain the 

differences that have been found consistently between the achievement levels of Malaysian and South Korean 

students in the Trends in International Mathematics and Science Study (TIMSS). Studies have shown that the 

use of textbooks can affect students’ mathematics achievements, especially in the field of geometry. 

Furthermore, to date, there has been no comparison of geometry content in Malaysian and Korean textbooks. 

Two textbooks used in the lower secondary education system in Malaysia and South Korea were referred. The 

topic of quadrilaterals was chosen for comparison, and the topic’s chapter in the South Korean textbook has 

been translated into English. The findings show four main aspects that distinguish how quadrilaterals are 

taught between the two countries. These aspects include the composition of quadrilaterals topics, the depth of 

concept exploration activities, the integration of deductive reasoning in the learning content and the difficulty 

level of mathematics problems given at the end of the chapter. In this regard, we recommend the Division of 

Curriculum Development of the Malaysian Ministry of Education reviews the geometry content of 

mathematics textbook used today to suit the curriculum proven to produce students who excel in international 

assessments. 

Keywords: Geometry, Quadrilaterals, Textbook, Malaysia, South Korea 

Abstrak  

Penelitian ini membandingkan konten geometri pada buku matematika di Malaysia dan Korea Selatan, untuk 

membantu menjelaskan perbedaan yang telah ditemukan secara terus menerus antara tingkat pencapaian siswa 

Malaysia dan Korea dalam hasil Trends in International Mathematics and Science Study (TIMSS). Sejumlah 

penelitian sebelumnya menunjukkan bahwa penggunaan buku teks dapat mempengaruhi prestasi matematika 

siswa, terutama pada bidang geometri. Selain itu, sampai sekarang, belum ada perbandingan konten geometris 

di buku teks Malaysia dan Korea Selatan. Dua buku teks yang digunakan dalam sistem pendidikan menengah 

bawah di Malaysia dan Korea Selatan dirujuk dan salah satu topik geometri yang diajarkan diidentifikasi. 

Materi Segiempat telah dipilih sebagai topik perbandingan dan bab topik dalam buku teks Korea Selatan telah 

diterjemahkan ke dalam bahasa Inggris. Hasil penelitian menunjukkan bahwa ada empat aspek utama yang 

membedakan bagaimana materi segiempat diajarkan pada kedua negara. Aspek-aspek ini termasuk komposisi 

topik Segiempat, kedalaman kegiatan eksplorasi konsep, integrasi penalaran deduktif dalam konten 

pembelajaran dan tingkat kesulitan masalah matematika yang diberikan pada akhir bab ini. Dalam hal ini, 

direkomendasikan kepada Divisi Pengembangan Kurikulum dari Kementerian Pendidikan Malaysia untuk 

merevisi isi geometri dari buku teks matematika yang digunakan hari ini untuk menyesuaikan dengan 

kurikulum yang telah terbukti menghasilkan siswa yang unggul dalam penilaian internasional. 

Kata kunci: Geometri, Segi Empat, Buku Teks, Malaysia, Korea Selatan  

How to Cite: Abdullah, A.H., & Shin, B. (2019). A Comparative Study of Quadrilaterals Topic Content in 

Mathematics Textbooks between Malaysia and South Korea. Journal on Mathematics Education, 10(3), 315-

340. http://doi.org/10.22342/jme.10.3.7572.315-340 

 

Classrooms use multiple educational resources. Perhaps the primary source used most often as 

reference material is textbooks. Textbooks refer to books designed and developed to translate the 

desired curriculum objectives. They are an important component of the education system and 
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curriculum such that learning at school is synonymous with textbooks. However, according to Koedel, 

Li, Polikoff, Hardaway, and Wrabel (2017), though textbooks are the most widely used sources of 

education, studies on their impact on student learning are very limited. Therefore, Fan, Mailizar, 

Alafaleq, and Wang (2018) state that school textbooks have become subjects of international research. 

Rezat (2009) found that students use mathematics textbooks not only when they are told by the 

teacher, but also for self-learning. Also, students make their mathematics textbooks a medium for 

solving problems, consolidating, acquiring mathematical knowledge, and activities related to the 

interest in mathematics.  

While according to Ceretkova, Sedivy, Molnar, and Petr (2008), textbooks also have several 

functions: (1) motivational function, i.e. well-written textbooks can stimulate the interest of students 

reading them, (2) communication functions, i.e. textbooks that can expand their vocabulary including 

technical terms, (3) regulatory functions, i.e. the curriculum divided into parts that can elaborate 

sequence logically, (4) application function, i.e. it consists of ideas using things that practice and 

express examples of real life, (5) integrated function, i.e. textbooks that are not tied to their subjects 

but contain links to other disciplines that lead to more complex cognitive processes, (6) innovative 

functions that introduce new knowledge, and (7) control and corrective functions which students use 

text, exercises and problems to test themselves, students discover what they understand or do not 

understand, and they are reviewing the matter. According to Lepik, Grevholm, and Viholainen (2015), 

textbooks are equally important resources for both students and teachers. Students use them to learn 

mathematics and teachers use them for planning and teaching mathematics lessons. Valverde, 

Bianchi, Wolfe, Schmidt, and Houang (2002) stressed that the structure of mathematical textbooks 

might have an impact on teaching in the classroom. They state that the shape and structure of 

textbooks affect different pedagogical models in mathematical classes. 

 

COMPARISON OF GEOMETRY CONTENT IN TEXTBOOKS 

Many studies compared mathematics textbooks as a whole, with some studies focusing on 

geometry. Among the earliest was the study by Kim (1993) comparing the geometry content of South 

Korean and US textbooks. His study found that geometry content in American textbooks was spirally 

arranged as the same topic emerged and extended to many grade levels. On the contrary, in Korean 

textbooks, geometry content was structured so that a concept or skill dominated each grade level. In 

Kelley (2013), eight American textbooks were studied from the 1980s and 2000s with the aim of 

identifying the differences between the two textbook groups in terms of approaches to teaching proof 

and writing of geometric proofing. All exercises in each text were encoded using parameters such as 

proof, type of proof, and reasoning task. It was found that new textbooks incorporated conjecture-

based learning for the theorem and paid more attention to the evidence in the context of geometric 

reasoning. Hsu and Ko (2014) compared the geometry content of teaching materials in the 

mathematics textbooks of Taiwan, Finland, and Singapore. Content analysis was used, and 
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mathematics problems were analysed. Problems were classified based on their cognitive type, 

representational form, and context. The study showed that most problems were classified as 

'procedure without connection' with only a few problems under the 'doing mathematics' category. 

Most of the contexts of problems and representations in the three countries are non-contextual and 

visual forms. The obvious differences between the three countries are the presentation of problem 

examples and the ratios between examples of concepts and mathematics problems. From the aspect of 

problem delivery, Taiwan and Singapore provide a more detailed and focused process to help students 

solve the problems, but brief explanations and demonstrations are found in textbooks. The ratio 

between examples and mathematics problems is around 1:3 in Taiwan and Singapore and 1:25 in 

Finland. 

Usiskin et al. (2008) conducted a micro curriculum analysis using a variety of textbooks in the 

United States on the concept of quadrilaterals. It discussed the issue of how a particular quadrilateral 

can be mathematically defined in the same way, and that definition can be inclusive or exclusive. 

Furthermore, the geometry thinking level in the van Hiele model has been used as the basis of 

analysis of primary and secondary school textbooks (grades K to 8) used in 42 States of the United 

States. Newton (2010) reported that learning objectives were in line with the general principles of the 

van Hiele theory, especially the principle that the level of geometry thinking is sequential. Fujita 

(2012) proposed an arrangement of plans to engage students with complex quadrilaterals definition 

hierarchical issues, which involve nurturing students' understanding of quadrilaterals concepts, 

encouraging them to seek inclusive relationships between definitions and properties, and critical and 

non-critical discussion based on what they already know. 

Mironychev (2016) compared the sequence of topics in geometry courses in high school 

curricula in Texas, USA and Russia. Four textbooks used in Texas and Russia were selected for this 

comparison. The objectives of this research were to compare the sequence of topics in the course, 

determine how the sequence of topics corresponds to the objectives of the geometry topic, and 

understand why the course topics are structured in such ways. Mironychev (2016) used two 

approaches in developing geometry courses, namely (1) Topic approach - when parts of the book are 

arranged accordingly with object/ terms difficulties after consideration, and (2) Proof of evidence - 

when parts of the book were arranged according to theoretical evidence or form properties. His study 

found that in the Texas book (HISD), topics were arranged by object, without proof. In the books used 

in Moscow, the content was compiled in the order of proof. These books were used in geometry 

courses for different periods. For HISD, students learn this subject for only one year. Therefore, there 

were not many opportunities to explore the properties of geometry objects in sequence. The main 

focus was on applying the formula and the nature of the different calculation steps. In conclusion, the 

geometry textbook used in Texas is easy to use in short courses. They do not need in-depth analysis of 

geometry properties and are easily understood by students. Many calculating problems help to 

develop practical skills for applying the nature of learning in life. Russian geometry textbooks were 



318  Journal on Mathematics Education, Volume 10, No. 3, September 2019, 315-340 

 

more suited for advanced courses. They pay more attention to the subject's basics and logical 

relationships. They are suitable for high-level courses such as pre-university. 

Wang and Yang (2016) compared the differences in the use of geometry in primary school 

textbooks between Finland, China, Singapore, Taiwan, and the United States. The results showed 

significant differences in representation, problem types, and question formats between mathematical 

textbooks of the five countries. In Singapore, mathematical textbooks focus primarily on visual forms 

combined with other forms of representation. There were significant differences between contextual 

and non-contextual geometry questions between the five mathematical textbooks. In particular, 

Chinese textbooks have the highest percentage of contextual problems. Mathematical textbooks from 

China and the US have more open-ended geometry questions. 

The main objective of Silalahi and Chang (2017) was to identify geometry equations and 

differences by analysing the contents of junior high school mathematics textbooks (grades 7-9) in 

California, Singapore and Indonesia. They found that problem-solving questions were provided at the 

end of subtopics in geometry textbooks in California and Singapore but not in Indonesia. In contrast, 

the similarities from California, Singapore and Indonesia were that all three textbooks provided more 

non-application problems than applying questions. Yang, Tseng, and Wang (2017) analysed geometry 

problems in four series of high school mathematics textbooks from Taiwan, Singapore, Finland, and 

the United States. The analytical framework developed for the analysis of mathematics text problems 

has three dimensions: representational form, contextual feature, and type of feedback. The findings 

showed that Taiwan and Singapore textbooks contain more problems in combination, while Finnish 

and American textbooks contain more problems in both oral and visual forms. The problem 

distribution across various forms of representation is more balanced in Finnish and Singaporean 

textbooks than in Taiwanese and American textbooks. Most problems are non-application and close-

ended compared to the application and open-ended problems. The Taiwanese textbook contains the 

lowest actual situation problems, rather than the American textbook that has the highest open-type 

problem. Wong (2017) discussed the opportunity for students to study the proving and reasoning of 

the geometry topics of the school's mathematical textbook in Hong Kong. The results showed that the 

Hong Kong Education Ministry took a traditional approach where the proof was taught mainly in 

geometry, and two-column proofing was emphasised. Overall, the results show that proofing plays a 

marginal role in mathematics schooling in Hong Kong. 

Cao (2018) compared 3-D geometry content in American and Chinese textbooks. His study 

showed that the main topic of 3-D geometry in the US curriculum is the volume and surface area of a 

prism, pyramid, sphere, and real-world objects. The US curriculum emphasises connecting 3-D 

geometry to the real life of students through mathematical modelling. In China, the main topics 

required in the curriculum are abstract reasoning in spatial positional relationships, parallel 

relationships, perpendicular relationships and angles, and combining algebraic methods with spatial 

vectors. Volume and surfaces of three types of polyhedrons (prisms, pyramids, and pyramid 
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frustums), and four types of solid revolutionary (cylinders, cones, circular frustums, and spheres) are 

required, but few are found in the Chinese curriculum as opposed to abstract reasoning. Both 

countries have very different topics in 3-D geometry texts. In the United States, the 3-D main 

geometry topics taught at school are volume, surface area, and categorisation of objects like a prism 

and real-world or composite solids. On the contrary, in China, volume and surface area are not the 

main focus. On the other hand, spatial position relationships, parallel relationships, perpendicular 

relationships and angles based on abstract graphs, as well as real-world or composite solids and 

prisms become the main 3-D geometry topic. The findings revealed that the topics found in Chinese 

texts are quite complex and have a broad spectrum. Also, the content load and cognitive demand are 

higher than the US text. 

 

LACK OF COMPARATIVE MATHEMATICS EDUCATION STUDIES BETWEEN 

MALAYSIA AND SOUTH KOREA 

Many countries have made South Korea the basis of comparison in mathematics education, 

particularly in the areas of curriculum, pedagogy and assessment due to the excellent performance of 

South Korean students in the subject. The many studies on mathematical curriculum include Kuang, 

Yao, Cai, and Song (2015) concerning the difficulty level of primary school mathematics textbooks in 

South Korea, and other countries such as France, Russia, Japan and China; Cao, Wu, and Dong’s 

(2017) study on the difficulty level of mathematical textbooks in junior high schools in China, USA, 

South Korea, Singapore and Japan; Son and Senk’s (2010) analysis of the development of the concept 

of multiplication and division of fraction in two curricula: Everyday Mathematics (EM) from the 

United States and Korean mathematics curriculum; and Kim’s (2012) study of non-textual elements in 

South Korean and US mathematical textbooks using a conceptual framework that includes accuracy, 

connectivity, contextuality and conciseness; Shin and Lee’s (2018) study on how mathematical 

textbooks in Korea and the United States helped in the development of student learning from the 

aspects of recursive partitioning, common partitioning, and distributive partitioning. Studies were also 

conducted for algebraic learning. Hwang (2004) concluded several elements are distinguishing the 

South Korean mathematics curriculum with that of the British. He identified that in South Korea, 

algebraic content is exposed only once to the students, while in England, the algebraic content tends 

to be repeated or evolving at every level. The algebraic curriculum in England emphasises 

approximation, mental calculations, and the use of calculators. Consequently, the English 

mathematics curriculum is less concerned with writing methods and introduces the written approach 

slightly later than the Korean curriculum. The English curriculum uses a more flexible approach 

through rounding, mental methods, calculator usage, ratio, and proportion, while the South Korean 

curriculum emphasises formal and abstract mathematical knowledge and the understanding of certain 

mathematical concepts. All mathematical content implemented in England and South Korea is 

provided in the national mathematics curriculum. 
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Choi and Park (2013) compared the curriculum standards, textbook structure, and textbook 

items for geometrics topics between the U.S. and Korea. The study found that the Korean curriculum 

standards do not focus on real-life situations and the textbooks used in the study only included a few 

real-life application problems. The study also found that the American CMP textbooks begin each 

section with real-life examples and activities that can familiarise students with abstract ideas, while 

Korean textbooks introduce real-world situations related to the lessons without any activity or 

examples that promote student engagement in actual real-world problem-solving situations. Only a 

small number of life-related problems are found at the end of each part of the textbook. On the topic 

of probability, Han, Rosli, Capraro, and Capraro (2011) found that Malaysian, South Korean and 

American textbooks are routine, open-ended, and non-contextual. 

From the pedagogical perspective, several comparative studies compared pedagogical practices 

and implementation in South Korean mathematics classes despite the study of Mustafa, Evrim, and 

Serkan (2016) indicating that pedagogical practices are not related to South Korean students’ 

achievement in mathematics. In Siraj-Blatchford and Nah (2013), the pedagogical practices in 

mathematics classes in England and South Korea were compared in the areas of cultures, classroom 

activity observations and document analysis. Teachers in both countries use integrated activities to 

teach mathematics. In England, mathematics classes are more structured, more dominated by teachers 

and less holistic, while the classes are more structured and didactically independent in South Korea. 

Mathematics education in the UK is more systematic, using more individualised approaches and 

incorporates a wide range of hands-on activities and comprehensive outdoor activities, while in 

Korea, mathematical activities are more group-oriented, use limited material and less outdoor 

activities. Leung and Hew (2013) examined the use of counterexamples, which play a role in 

encouraging deductive reasoning skills in mathematics learning process among South Korean and 

Hong Kong students. O'Dwyer, Wang, and Shields (2015) examined eighth-grade teaching practices 

in the United States, South Korea, Japan and Singapore that support students’ conceptual 

understanding as well as studied the relationship between practice and mathematical tests. 

However, in the context of mathematics education, not many comparative studies exist on the 

differences between Malaysian and South Korean in the perspective of curriculum, pedagogy and 

assessment. Studies have shown that for mathematics education, most comparative studies were 

carried out between Malaysia and Singapore. Ibrahim and Othman (2010) and Ahmad (2016) were 

among the studies which compared the Malaysian curricula with its Singaporean counterpart. Ibrahim 

and Othman (2010) concluded that there was a need for the Malaysian mathematics curriculum to be 

revised to enable mathematical literacy among students and for them to be able to apply mathematics 

into other disciplines at higher educational levels. Han, Rosli, Capraro, and Capraro (2011) examined 

the analysis of Malaysian, South Korean and US textbooks on the topic of probability. Ismail and 

Awang (2008) and Thien and Ong (2015), on the other hand, studied the factors that contribute to the 

success of Singaporean students in the field of mathematics. 
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Based on the literature review, most comparative studies on components of mathematics 

curriculum as well as pedagogy and assessment in mathematical classes were conducted on South 

Korea and other countries but not Malaysia. The only comparative study in the curriculum perspective 

in which Malaysia was compared to South Korea was Han, Rosli, Capraro, and Capraro (2011). Most 

comparative studies in mathematics curriculum components were carried out between Malaysia and 

Singapore. 

 

A COMPARISON OF GEOMETRY CONTENT DOMAIN ACHIEVEMENTS IN TIMSS 

BETWEEN MALAYSIA AND KOREA 

Malaysia joined the Trends in International Mathematics and Science Study (TIMSS) 

assessment for the first time during the second cycle in TIMSS 1999. To date, Malaysia has 

participated in six TIMSS cycles in TIMSS 1999, 2003, 2007, 2011 and 2015 and 2019. Malaysia's 

participation is to foster effective science and mathematics learning among students compared to their 

peers in other countries. Since Malaysian participation in TIMSS, the best achievement of Malaysia 

was during the first participation in TIMSS 1999 at 519 points and above the TIMSS average score of 

500 points. However, there were declines in performance after TIMSS 1999 in the next three cycles, 

whereby Malaysian students scored 508 points in TIMSS 2003 which is still above the TIMSS 

average score. In TIMSS 2007 and 2011, the score of the mathematics achievement was 474 and 440 

respectively. However, an increase of 25 points to reach 465 points in TIMSS 2015 renders the fifth 

round of the assessment the fourth highest ever since TIMSS 1999. Even though there was an increase 

in points, Malaysia's performance is still on the Low-Level Benchmarking and is below the TIMSS 

average score.  

South Korea has been involved in the TIMSS since its establishment. South Korea has achieved 

remarkable achievements throughout the involvement of TIMSS. Throughout the participation in 

TIMSS, South Korea is one of the top three countries with an average score of achievement for grade 

4 and grade 8 students in mathematics subjects compared to other countries. In TIMSS 1999, 

assessment is only done for grade 8. Based on the findings, if we compare with the minimum score set 

by TIMSS of 500, the average score of South Korean Mathematics is at a very satisfactory level. 

When referring to the measurement level in TIMSS, the average score of South Korean Mathematics 

is in the category of high international benchmarking. Thus, we can conclude that South Korean 

students can apply basic mathematics knowledge in difficult questions and non-routine problems. 

TIMSS has organised into two domains namely, (1) content domain which refers to the subjects to be 

evaluated in mathematics, and (2) cognitive domain which focuses on the thinking processes expected 

from students as they engage in mathematical content. Figure 1 shows that from TIMSS 1999 until 

TIMSS 2015, 8th-grade South Korean students outperformed Malaysian 8th-grade students in geometry 

domain. 
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Figure 1. Achievement in Geometry Content Domain Between Malaysia and South Korea 

 

Figure 2 shows a question in geometry domain in which 87% of South Korean students 

answered the question successfully as opposed to only 32% of Malaysian students. The percentage of 

Malaysians is not just below the international average, but also among the lowest countries. In this 

regard, the study compares one of the geometry topics in a textbook at the lower secondary level in 

Malaysia and South Korea. In the TIMSS 2011 report (Mullis et al., 2012), mathematics teachers of 

both countries reported that they use mathematical textbooks as a major source in mathematical 

classes. 
 

                                    

Figure 2. A Sample of Domain Geometry Question in TIMSS 2015 

Source: Mullis, I. V. S., Martin, M. O., Foy, P., & Hooper, M. (2016) 

 

Previous studies have found a significant relationship between the textbook used and students’ 

achievement in mathematics (Tornroos, 2005). The Hadar Study (2017) discussed the correlation 
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between learning opportunities provided in mathematical textbooks and student achievement in 

national examinations. The findings show that students who use different textbooks have different 

scores in the national examination. If a textbook gives the students the opportunity to engage in a task 

that requires a higher level of understanding, students who use this book will obtain a higher score. 

Xin (2007) examined the potential impact of learning opportunities provided in a USA mathematical 

textbook and a Chinese textbook on the achievement of student problem-solving. Additionally, Xin 

studied the learning opportunities provided in textbooks by analysing the problematic distribution of 

problems across a wide range of problems, as well as the potential impact of learning opportunities on 

students' ability to solve arithmetical problems. The research shows a positive correlation between the 

presentation of problem task in textbook and students’ mathematical problem-solving skills.  

Furthermore, no previous study compared geometry content in mathematical textbooks between 

Malaysia and South Korea. Choi and Park (2013) analysed the comparison of geometry education 

related to curriculum standards, textbook structure and items in textbooks between the United States 

and Korea. While Hong and Choi (2018) analysed and compared the opportunities of reasoning and 

proofing activities in geometry lessons from American and Korean textbooks to understand how the 

textbook provides students with the opportunity to engage in reasoning and proving activities. 

Therefore, this study compares Malaysian and Korean geometry specifically for quadrilaterals topic 

content in mathematics textbooks to help explain the differences that have been found consistently 

between the achievement levels of Malaysia and Korean students in the TIMSS especially in 

geometry content domain. 

 

METHOD 

The textbook used as a comparison is the main mathematics textbook used in the education 

system in both countries. Quadrilaterals topic was selected because education systems in both 

countries teach the same topic, as well as comparable content. As shown in Figure 3, for South Korea, 

the content of the selected topic was then translated into English. For Malaysia, the English version of 

the mathematics textbook was used in this study. This study adapted the framework by Morgan 

(2004), which looks at content and structure, while also referring to Gracin (2018) who looked at 

content, cognitive demands, question types and mathematical activities. In this regard, this study 

examines the composition of quadrilaterals topics, the depth of concept exploration activities, the 

integration of deductive reasoning in the learning content and the difficulty level of mathematical 

problems given at the end of the chapter. The van Hiele Model and the Revised Bloom Taxonomy are 

the basis of comparison in this study. The van Hiele model has been a subject of continuous academic 

research in geometry and has been applied in various geometry studies (Battista, 2002; Bruni & 

Seidenstein, 1990; Clement & Battista, 1992; Halat, 2008; Noraini, 2005). Many researchers have 

recognised the geometry model of van Hiele (Fuys & Liebov, 1997; Usiskin, 1982). Battista (2002) 

also noted that students' thinking patterns on two-dimensional geometry is clear and best described by 
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van Hiele's geometry thinking model. Researchers argued that lower secondary students are usually 

able to achieve up to three levels of van Hiele's geometry thinking of informal deduction (Husnaeni, 

2006; Saifulnizan, 2007; Usiskin, 1982). NCTM (1989, 2000) emphasised that the van Hiele model 

can be applied in to effectively teach geometry. NCTM also emphasised the importance of structured 

learning as proposed in the van Hiele model. The revised Bloom Taxonomy (Anderson & Krathwohl, 

2001) is often used as a framework in differentiating the difficulty of questions, especially in 

mathematics subject. There are six levels in the taxonomy which are knowing, understanding, 

applying, analysing, evaluating and creating. 
 

 

 

Korean language English language 

Figure 3. Translation of Quadrilaterals Content Topic in South Korean Textbook 

 

RESULT AND DISCUSSION 

The Content Arrangement of Quadrilateral Topics 

The content of quadrilaterals in the South Korean mathematics curriculum is based on the van 

Hiele model. Based on Figure 4, the content of this topic is collected by asking students to recognise 

the names of the quadrilaterals in South Korean textbook. This is in line with the first level in the van 

Hiele model which is known as visualisation. At this point, students recognise geometrical shapes. For 

example, students can identify the names of the quadrilateral group such as rectangle, square, 

parallelogram, trapezium and so on. However, no such activity is found in Malaysian mathematics 

textbooks. 

 

 
 

Figure 4. Students are introduced with the shape (Ministry of Education Korea, 2018, p. 165) 
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The subsequent activities provide students with the opportunity to explore a variety of 

quadrilaterals. Many of the activities provided in South Korean textbooks are hands-on by using 

manipulative materials. This is in line with the second level of the van Hiele model which is analysis. 

At this level, students will be able to recognise the characteristics of shape through observational and 

experimental activities. Figure 5, for example, shows the activity in which students are to look for 

properties of parallelogram. According to the National Academies of Sciences, Engineering, and 

Medicine (2015), the current curriculum focuses on manipulative activities in which students can 

achieve intuitive ideas about the topic they are currently learning as well as enhance their creativity. 

Such activities provide more time for creativity and foster a positive attitude towards mathematics. 

This is important as the TIMSS 2015 results have shown that even though South Korean students 

displayed encouraging results in mathematics, they scored among the lowest attitudes towards the 

subject. 

 
 

Figure 5. Exploring the characteristics of a quadrilateral (Ministry of Education Korea, 2018, p. 168) 

 

Once students have understood the characteristics of quadrilaterals, they would be able to make 

connections between them. Figure 6 illustrates the relationship between quadrilaterals. According to 

the van Hiele model, the third level is an informal deduction. In this level, students can see or prove 

the relationship between shapes and create a relationship. 
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Figure 6. Relationship between the quadrilaterals (Ministry of Education Korea, 2018, p. 182) 

 

Judging from the Malaysian textbooks, quadrilaterals are not compiled based on the van Hiele 

model. No quadrilateral identification activities were noted in the beginning of the chapter. Students 

are exposed to the activities of finding quadrilaterals’ properties through dynamic geometry software 

as shown in Figure 7. 
 

 
 

Figure 7. Activity of identifying characteristics of quadrilaterals using the GeoGebra application 

(Ministry of Education Malaysia, 2016, p.212) 

 

Figure 8 describes the properties of quadrilaterals. Information presented in such a way could 

encourage facts memorisation among students. According to Boyraz (2008), Brahier (2005), and 

Faucett (2007), for geometry content, most textbooks in encouraging memorisation and discouraging 
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effective learning. Active activities involving students are limited (Nik Azis, 1992). No activity in the 

form of a conjecture investigation is included in textbooks and theorems are only delivered by the 

teacher through textbooks (Gillis, 2005). 
 

 
 

Figure 8. Various characteristics of quadrilaterals presented in a table (Ministry of Education 

Malaysia, 2016, p.213) 

 

The content of this topic is then formulated in the form of classification as shown in Figure 9 

without specifying the relationship between one quadrilateral and another. 
 

 

 
 

Figure 9. Classification of Quadrilaterals (Ministry of Education Malaysia, 2016, p.219) 

 

Depth Concept Exploration Activities 

The second aspect that distinguishes the content of this topic is the depth of the activities of a 

given concept. Compared to Malaysia which only provides the look of quadrilaterals properties using 

dynamic geometry software, as shown in Figure 10, the curriculum in South Korea provides 

immersive exploration activities with questions that test their thinking skills in each quadrilaterals 
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concept. Ozlem and Jale (2011) showed that the learning process enriched with hands-on activities 

could improve students’ achievement compared to traditional methods. Many studies show that 

hands-on learning, if often integrated into the learning process, can enhance students’ cognitive 

achievements (Scharfenberg & Bogner, 2010; Thompson, & Soyibo, 2002; Revina, et al. 2011). In the 

South Korean example, hands-on activities are provided for each type of quadrilaterals. The learning 

method of discovery is a learning practice that involves students actively, is process-oriented and 

more focused on self-learning (Agus, Dian, & Ajat, 2017). Based on the results of the study by 

Sinambela, Napitupulu, Mulyono, and Sinambela (2018), there is a positive impact on learning 

methods through the discovery of the students' understanding of the mathematical concept, while 

Yunita, Wahyudin & Sispiyati (2017) concluded that the discovery method would enhance 

mathematical problem-solving skills. The findings of Balim (2009) study using the findings of 

learning discoveries showed that there is a significant difference in academic achievement among the 

students in the experimental group compared to the students in the control group concerning academic 

achievement, learning retention score, and the perception score on the study skills either at the 

cognitive or effective levels. 
 

 

 

 
 

Figure 10. Discovery activities in South Korean mathematics textbooks (Ministry of Education 

Korea, 2018, p. 177) 

 

When students discovered and understood the properties of the rectangle, they will then be 

given low-level questions and questions that can improve their high-level thinking skills. Students are 

given a simple question (see Figure 11) followed by difficult questions (see Figure 12). 
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Figure 11. Low-level question for rectangle concept (Ministry of Education Korea, 2018, p. 178) 

 

However, no such activity is found for this topic in Malaysian textbooks. After the introduction of the 

quadrilaterals concept, Malaysian textbooks introduced interior and exterior angles of the quadrilaterals while 

in the South Korean context, the concept is introduced together with each type of quadrilateral. 
 

 
 

Figure 12. High-level question for rectangle concept (Ministry of Education Korea, 2018, p.177) 

 

Integration of Deductive Reasoning in Learning Content 

Although according to Husnaeni (2006), Saifulnizan (2007) and Usiskin (1982), lower 

secondary students are usually able to reach up to three levels of geometry thinking based on van 

Hiele's model of informal deduction, the South Korean textbooks extends to the fourth level of formal 

deductions. The fourth level of the van Hiele model is the deduction level. Students at this level 

understand the meaning and importance of deduction and the role of postulate, theorem and evidence. 

They are able to prove themselves of their understanding. They also understand that the proving 

process can be done in more than one way and the proof is not obtained by memorisation (Crowley, 

1987). The most fundamental reasoning is logical reasoning that consists of inductive reasoning and 

proven reasoning. Inductive reasoning is one of the reasoning processes which requires students to 

engage in gathering, interpreting and generalising information. Whereas for deductive reasoning, 

students can analyse, describe the relationship between forms and prove the theorem deductively. 

Students also understand that the process of verification can be done in more than one way and the 

proof is not obtained by memorisation (Crowley, 1987; Prahmana & Suwasti, 2014). Figure 13 shows 

the reasoning method provided to prove that the given shape is a parallelogram.  
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Figure 13. Proof of parallelogram (Ministry of Education Korea, 2018, p. 173) 

 

Figure 14 helps the students perform deductive reasoning to prove that the diagonals are 

perpendicular in a rhombus. 

 

 

Figure 14. Proof of rhombus (Ministry of Education Korea, 2018, p. 179) 
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The Difficulty Level of Mathematics Problems Provided at Chapter End 

For this, both Malaysian and South Korean curriculum end the learning with mathematical 

problems related to the topic. Based on the analysis, the problems provided in the Malaysian textbook 

for quadrilaterals are directed at asking students to look for values of angles in a particular form. For 

example, as shown in Figure 15, students are asked to find the internal angle of the rhombus and the 

parallelogram. 

 
 

Figure 15. Problems at “applying” level in the Malaysian mathematics textbook (Ministry of 

Education Malaysia, 2016, p.221) 

 

The six levels in the Revised Bloom Taxonomy introduced by Anderson and Krathwohl (2001) 

are remembering, understanding, applying, analysing, evaluating and creating. If the student runs or 

uses a specific procedure to get an answer, then the problems are only at the level of application. 

There are also questions of understanding level provided in Malaysia textbook as in Figure 16. 

According to Anderson and Krathwohl (2001), constructing the meaning of various types of functions 

in writing, graphics or activity such as interpreting, proving, classifying, formulating, concluding, 

comparing, or explaining is problems at the understanding level. 
 

 
 

Figure 16. Problems at “understanding” level in the Malaysian Mathematics textbook (Ministry of 

Education Malaysia, 2016, p.221) 

 

The problems presented for this topic in South Korean textbooks are more diverse and 

challenging. Undeniably, problems that require students to look for the angle, length or width of a 

shape which is the problem for application level as shown in Figure 17 were also present. 
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Figure 17. Problem at “applying” level in the South Korean mathematics textbooks (Ministry of 

Education Korea, 2018, p. 183) 

 

Problems for analysing and evaluating levels are also provided in South Korean mathematics textbooks. 

 
 

Figure 18. Problem at “analysing” level in the South Korean mathematics textbooks (Ministry of 

Education Korea, 2018, p. 183) 

 

Figure 18 shows one of the samples of problem at “analysing” level. According to Anderson 

and Krathwohl (2001), mathematics problems at the analysing level involve convincing concepts to 

their sections, determining how they are related to each other or how they are interrelated and how 

they complement the overall concept. Thinking skills at this level include comparing and 

distinguishing between components or parts. The mathematics problem shown in Figure 19 is a 

problem for evaluating level which is the second highest level based on the Revised Bloom 

Taxonomy. According to Anderson and Krathwohl (2001), at the evaluating level, students make 

decisions based on criteria and standards through checks and criticisms. Criticisms, suggestions, and 

reports are some of the methods that can be done to indicate that evaluation process. 
 

 

 

Figure 19. Problem at “evaluating” level in the South Korean mathematics textbooks (Ministry of 

Education Korea, 2018, p. 183) 
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CONCLUSION 

There is a difference in the arrangement of the content for quadrilaterals between the Malaysian 

and South Korean curriculum. Geometric content, especially in the topic of Quadrilaterals in South 

Korean mathematics textbooks, is based on the van Hiele model which begins with visualisation, 

analysis and informal deductions. This means the content of Quadrilaterals in South Korean textbooks 

is based on the van Hiele model, which is the best model in the arrangement of geometric content. 

Students should first recognise shapes before they can analyse and find relationships between shapes. 

According to Noraini (2005), van Hiele states that the geometric thinking of secondary school 

students is below the expected levels of student thinking for this age cohort. Accordingly, the 

arrangement of geometric content should begin with visualisation. This model was also proposed by 

NCTM (1989, 2000) as the best model for effective geometry learning. NCTM also emphasised the 

importance of structured learning as proposed in the van Hiele model. Many studies show that the 

geometric content arrangement based on the van Hiele model supports increases in the level of 

geometric thinking of students. While many computer-assisted learning based on van Hiele models 

(Chew, 2009; Abdulah & Zakaria, 2013; Muhtadi, et al. 2018; Sukirwan, et al. 2018; Ahamad, et al. 

2018) have a positive impact on students' geometry thinking, activities in South Korean textbooks 

emphasise hands-on manipulative-based activities. Whereas the composition of the content of the 

topics in the Malaysian curriculum is structured starting with technology-based activities to look for 

the characteristics of the quadrilaterals followed by the description of the properties in the table and 

then emphasises the concept of interior angles and the exterior angles of the quadrilaterals. 

Additionally, every quadrilateral concept in the South Korean curriculum is presented in the form of 

immersive and engaging activities. According to Nik Azis (2008), the ultimate goal of mathematical 

learning based on constructivist support based on pragmatism philosophy is the construction of 

mathematical strength by all students which involves some special abilities that each student needs to 

develop such as the ability to explore and reason, solve problems, relate ideas mathematics, 

communicating mathematics and developing self-beliefs about mathematics.  

Maheshwari and Thomas (2017) showed that students had high motivation levels and achieved 

higher mean scores when they were taught using a constructivist teaching approach compared to non-

constructivist teaching approaches. South Korean textbooks, especially in quadrilaterals, include 

deductive aspects of mathematical reasoning. According to Thompson, Senk & Johnson (2012), if the 

opportunity to address and prove that it is not available in textbooks, it is impossible for reasoning and 

proven activities to be implemented in mathematics classes. In this regard, secondary mathematics 

curriculum developers with the Malaysian Ministry of Education (MOE) should consider this in future 

curriculum reviews. In South Korea's curriculum, although many reasoning and proving activities can 

be found in the textbooks, according to Hong and Choi (2018), the reasoning and proving 

opportunities in South Korean textbooks are slightly different as they provide some problems to be 

proven reasonably while more statements are proven deductively. Many general statements are proven 
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deductively to give students the opportunity to read and familiarise themselves with deductive 

prooving. From the aspect of the difficulty of mathematical problems provided especially for this 

topic, the problems presented in South Korean textbooks are seen as more diverse and challenging. 

Mathematical problems in Malaysian textbooks are still at the level of applying and below based on 

the Revised Bloom Taxonomy (Anderson & Krathwohl, 2001). Therefore, we recommend the 

Division of Curriculum Development of the Malaysian Ministry of Education reviews the geometry 

content of mathematical textbooks used today to suit the curriculum proven to produce students who 

excel in international assessments. 
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Abstract 

Marriage is an essential part of life for most people. In the Javanese tradition, great attention is paid to the weton 

of the couple through Javanese Primbon. It predicts the fate of the couple in the marriage. This prediction of the 

Javanese outcome after the wedding has some numerical values. Therefore, this study aims to uncover these 

numerical values using ethnomathematics. This research uses a qualitative method. Analyzing the Javanese 

Primbon documents is meant to explore the numerical value of Javanese people. Also, analyzing the data using 

the Javanese Primbon documents was not only based on the interpretation of the researcher but also the result of 

discussions with cultural and mathematical experts. This study proposes numerical values such as number bases, 

remainder theorem, modulo, and modulus of the congruence in formal mathematics, which is associated with 

matchmaking using Javanese Primbon. 

Keywords: Ethnomathematics, number bases, remainder theorems, modulo, the modulus of congruence 

Abstrak 

Pernikahan adalah bagian penting dari kehidupan bagi kebanyakan orang. Dalam tradisi Jawa, perhatian terbesar 

diberikan kepada weton pasangan melalui Primbon Jawa. Hal ini dapat memprediksi nasib pasangan dalam 

pernikahan. Prediksi setelah pernikahan ini memiliki beberapa nilai numerik. Oleh karena itu, penelitian ini 

bertujuan untuk mengungkap nilai-nilai numerik tersebut menggunakan ethnomathematics. Penelitian ini 

menggunakan metode kualitatif. Menganalisis dokumen Primbon Jawa dimaksudkan untuk mengeksplorasi nilai 

numerik orang Jawa. Selain itu, peneliti juga menganalisis data menggunakan dokumen Primbon Jawa, tidak 

hanya didasarkan pada interpretasi peneliti tetapi juga hasil diskusi dengan para ahli budaya dan matematika. 

Penelitian ini mengusulkan nilai-nilai numerik seperti bilangan dasar, teorema sisa, modulo, dan modulus 

kongruensi dalam matematika formal, yang dikaitkan dengan perjodohan menggunakan Primbon Jawa. 

Kata kunci: Etnomatematika, bilangan basis, teorema sisa, modulo, kekongruenan modulo 

How to Cite: Utami, N.W, Sayuti, S.A., & Jailani. (2019). Math and Mate in Javanese Primbon: Ethnomathematics 

Study. Journal on Mathematics Education, 10(3), 341-356. https://doi.org/10.22342/jme.10.3.7611.341-356                                                                     

 

Indonesia is a maritime nation with land and sea territories stretching from Sabang to Merauke. The 

geographical location of the country spans across a group of small islands making Indonesia a land with 

various ethnic and cultural characteristics (Sutarto, 2006). Culture is a phenomenon which is common 

in any society. Javanese has one of the most popular customs in Indonesia known for its noble character, 

as it is also the tradition of other Eastern religions (Ember & Ember, 2001; Hatley, 2008; Sutarto, 2006).  

The Javanese culture is a well-known custom filled with mystical issues, with no scientific basis. 

Java's mystic beliefs came into the open since the early nineteenth century and a poem, Serat Centhini, 

composed in 1815 in the court of Surakarta, was an aspect of Java's mystic belief (Ricklefs, 2007). 

Based on this mystical atmosphere, the Javanese culture is less explored scientifically. However, it 

contains various numerical values including ancestral civilization in terms of Mathematics (Maryati & 

Prahmana, 2019a; Maryati & Prahmana, 2019b; Supiyati, et al. 2019; Risdiyanti & Prahmana, 2018; 
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Muhtadi, et al. 2017). The development of this subject started a long time in Java, although not yet to 

the level of formal mathematics or the Western ones.  

The objects in Javanese culture contain numerical values in various forms of literature. Ambrosio 

and Rosa (2017) stated that the different types of culture appear in the form of the artifact, venti-fact, 

or socio-fact. One of the socio-fact in Javanese culture is the foreknowledge matchmaking in marriage. 

Moreover, it is a general fact that marriage is something special in the lives of almost every individual, 

and it must be well planned, including with whom to marry. Before the wedding takes place, the 

Javanese usually find out about their next lives after the wedding. They carry out foreknowledge 

matchmaking in marriage before planning the married life. The traditional Javanese elders are the ones 

who usually start the whole process, guided by the Javanese Primbon, which is a life guide used by the 

people in their daily activities. The Javanese Primbon contains the human life guidelines from the 

womb, birth, adulthood, and even to the day of death. 

The guide namely Javanese Primbon contains numerical values or mathematical knowledge from 

Javanese people. Although, the emergence of the Primbon did not have any connection with the formal 

mathematics taught in schools. However, there is a mathematical requirement when it comes to 

foreknowledge matchmaking in marriage as contained in this Primbon and Javanese marriage customs 

pay attention to the counting weton of the couples before they get married. It is usually used to predict 

the fate of the couple. The exploration of these numerical values in foreknowledge matchmaking in 

marriage as contained in the Javanese Primbon is an area of ethnomathematics studies. 

 

Ethnomathematics Studies 

Tutak, Bondy, and Adams (2011) stated that the term of ethnomathematics was first introduced 

by D'Ambrosio in 1978 at the annual meeting of the American Association for the Advancement of 

Science (AAAS). Subsequently in 1985, D'Ambrosio, Gloria Gilmer and Rick Scott formed a group 

known as The International Study Group on Ethnomathematics (ISGEm), whose aim was to increase 

the understanding of mathematical practices on cultural diversity and apply the knowledge for the 

purpose of education and development (Tutak, et al. 2011).  

D’Ambrosio (1985) stated that ethnomathematics is the mathematics which is practised among 

identifiable cultural groups, such as national-tribal societies, labor groups, children of a certain age 

bracket, professional classes, and so on. Furthermore, it defines ethnomathematics as the intersection 

of mathematics with the historical, cultural, and social roots of mathematic, and also that the 

ethnomathematics comes from the combination of two words - ethno and mathematics, where ethno 

denotes the socio-cultural context, and mathematics talks about mathematical knowledge such as 

counting, weighing, measuring, comparing, sorting, classifying, designing, and playing (Katsap, 2018). 

However, Rosa and Orey (2016) explained that ethnomathematics includes ideas, procedures, 

processes, methods, and practices that are rooted in different cultural environments. Therefore, 

etnomathematics is so related to mathematics and culture in the nation. 
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There are several ethnomathematics related to studies carried out in other countries. One of such 

is the study conducted by Mohamad, Adam, and Embong (2010), which discusses an 

ethnomathematical study on weaving among the Malay tudung Saji or food cover weavers, focussing 

on investigating the mathematical ideas that are relevant to the weaving techniques, framework 

construction, and pattern formation. On the other hands, Fonseca (2010) discusses how youth and adult 

educators found ethnomathematics to be a resource useful in knowing their students better and 

producing an improved result in mathematics, as well as in intercultural studies related to 

ethnomathematics. This research offers a new perspective on conceiving mathematical knowledge and 

practices in youth and adult education. We also discuss the dimensions of the approach of teaching and 

learning practices to present a reflection about the relations among youth and adult education, 

ethnomathematics and the search for better understanding the teaching and learning of mathematics at 

schools, as well as making it an inclusion project. A related study was also conducted by Pais (2011), 

which clarifies the positions of ethnomathematics and its implications in the recent pedagogical research 

in the field. Meanwhile, François and Stathopoulou (2012) present the development of the political 

dimension of ethnomathematics and the researchers of critical mathematics education, also explore their 

similarities.  

In other ethnomathematics related studies, D’Ambrosio (2013) explained about the position of 

ethnomathematics as a theoretical framework capable of guiding practice and serving as a curriculum 

for different educational projects. We also explained the fact that ethnomathematics is positioned as one 

which centers the children in a world of social equity and justice. Also, Matang and Owens (2014) 

discuss the role of indigenous traditional counting systems in children's development of numerical 

cognition in Papua New Guinea, and then Rosa and Orey (2015) discuss the curriculum for mathematics 

based on literacy, matheracy, and technoracy from ethnomathematics perspective.  

Considering of all these existing articles, no author has discussed foreknowledge matchmaking 

in marriage guided by Javanese Primbon (the special book from Java) which is related to mathematics 

learning. Therefore, the research focus on to explore the ethnomathematics value of foreknowledge 

matchmaking in marriage found in Javanese Primbon, the body of knowledge from the 

ethnomathematics value of foreknowledge matchmaking in marriage found in Javanese Primbon, and 

the developed learning mathematics that can be used from the Javanese Primbon. 

 

METHOD   

The method used in this research is a qualitative method. The purpose of research method is to 

reveal ethnomathematics in Javanese Primbon. The design of this research follows the framework of 

ethnomathematics study from Alangui (2010) to conduct a qualitative method through 

ethnomathematics in Javanese Primbon. The framework is presented in Table 1. 
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Table 1. The Framework of Ethnomathematics Study 

Generic 

Question 

Initial Answer Critical 

Construct 

Specific Activity 

Where is it to 

look? 

Cultural practices in a 

cultural context, namely 

the use of the Javanese 

Primbon in determining 

matchmaking of the 

couple. 

Culture 

 

 

Analysis of Document Javanese 

Primbon. 

Describe how were the rules of 

Javanese Primbon that were used in 

determining the matchmaking of the 

couple. 

How is it to 

look? 

Investigating QRS 

(Qualitative, Relational, 

and Spatial) aspects of 

the determining the 

matchmaking of the 

couple. 

Alternative 

thinking 

Determine what QRS ideas are 

contained in the determining the 

matchmaking of the couple. 

What is it? 

 

Proof of alternative 

concept 

Philosophical 

mathematics 

Identify criteria to justify the rules of 

external customs in determining the 

matchmaking of the couple. 

What does it 

mean? 

The significant value of 

culture, and mathematics 

Anthropology Describe the relationship between the 

two forms of knowledge 

(mathematics and culture). Write a 

new mathematical concepts found in 

the determining the matchmaking of 

the couple. 

 

Gathering Data 

To answer the research question, we analyzed the literature of Javanese Primbon. Analyzing the 

document involves activities like skimming (cursory examination), through reading, and interpretation 

(Bowen, 2009). The analyzed document produced data in quotations, themes or categories, and the 

examination, as well as the interpretation of the Javanese Primbon document, was carried out to obtain 

the scientific values in the foreknowledge matchmaking marriage and the experience after the wedding. 

Interviewing informants were also carried out as supplementary data in the study. The informants 

are the traditional Javanese elders, who knew deeply about the Javanese tradition. During the interview, 

we made notes in the form of field notes and tape recorders. This interviews conducted was aimed at 

verifying the validity of data from the interpretation of the researcher. 

 

The Data Analysis 

This research is limited to the rules the determining the matchmaking of the couple. The data analysis 

technique used in this study is taxonomic analysis. The taxonomic analysis is conducted to analyze the 

determining of the matchmaking of the couple, and the values of school mathematics that can be taught. 

 

RESULT AND DISCUSSION  

The foreknowledge practice through Javanese Primbon is still a common act among the Javanese 

people, and it is carried out before a wedding could take place. Foreknowledge is known in Javanese as 
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Petung, and the real meaning of this word in English is called computation. However, petung in the 

Javanese language does not always mean computation. It means consideration in determining 

something. 

The weton of the couple is critically considered in matchmaking using the Javanese Primbon. 

Weton is a calculation of birthdays based on days in the Javanese Calendar. Weton is a composite 

calculation of neptu dina and neptu pasaran from the two mates. Neptu is certain calculation numbers. 

Based on interviews conducted with Mbah Cip, one of the traditional Javanese elders:  

 

“Yen cara niki lho niki kula mboten ngguroni, yen ten mriki sing abot niku ana tembung 

geing. Geing niku netune sing siji Wage sing siji Pahing” (The interview, 18 May 2018). 

 
It means that consideration in matchmaking in Javanese society is not permissible for a prospective 

couple who have a neptu wage and pahing for the wedding. 

The major consideration in matchmaking through Javanese primbon uses computation, and there 

are two types of matchmaking computations. The first one is the computation with the couple weton, 

and the other is computation with the names of the couple. This study focuses on the computation of 

matchmaking based on weton from the couple. In Javanese culture, the weton of the couple needs to be 

paid attention to before the wedding, and when it is computed, it helps to predict the fate of the couple 

during the wedding. 

 

Computation in Predicting the Future of the Bride based on Weton of the Two Brides  

There are many computations in predicting the future of the couple based on their weton. Also, 

this weton is a compilation of dina and pasaran. Dina (Days) is Akad (Sunday), Senen (Monday), Selasa 

(Tuesday), Rebo (Wednesday), Kemis (Thursday), Jumuah (Friday), and Setu (Saturday). Table 2 

present the correlation between days (Dina) and Neptu namely Neptu Dina. 

 

Table 2. Neptu Dina  

Days Neptu 

Sunday 5 

Monday 4 

Tuesday 3 

Wednesday 7 

Thursday 8 

Friday 6 

Saturday 9 

 

Pasaran is Kliwon, Legi, Pahing, Pon, and Wage. However, determine the match matching to 

predict the future of the couple after the wedding must be attention to the neptu dina and neptu pasaran 

of the bride and groom. Hence, attention must be paid to Table 3, for a proper discussion on computation 

in predicting the couple’s future based on their weton (Tjakraningrat & Soemodidjojo, 2017).  
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Table 3. Neptu Pasaran 

Pasaran Neptu 

Kliwon 8 

Legi 5 

Pahing 9 

Pon 7 

Wage 4 

There are four types of the computations in predicting the future based on weton of couples, such 

as. 

1. Type 1 

The computation is performed by summing up of each neptu dina and neptu pasaran of both the 

bride and groom and then divided by 9. Then, the foreknowledge decision is made using the remaining 

value after the division. Therefore, the conclusion is based on the meaning shown on Appendix: The 

Meaning of the Remain Type 1, and the part of it shown in Table 4.  

 

Table 4. The Part of the Meaning of the Remainder in Type 1 

Remainder and Remainder Meaning 

4  4 Kerep lara (often sick) 

4  5 Akeh rencanane (many plans) 

4  6 Sugih rejeki (lots of luck) 

4  7 Mlarat (poor) 

4  8 Akeh pengkalane (many obstacles) 

4  9 Kalah siji (One loses) 

5  5 Tulus begjane (have continuous luck) 

5  6 Cepak rijekine (easy of fortune) 

5  7 Tulus sandhang pangane (have continuous prosperous) 

5  8 Akeh sambekalane (many obstacles) 

5  9 Cepak sandhang pangane (prosperous) 

Then, after the computation, if the remainder has a good meaning, according to the Javanese Primbon, 

then the wedding takes place. However, the wedding is canceled if the result is bad.    

The first example of the computation is a situation where the bridegroom is born on Kliwon 

Friday, and the bride born on Pahing Friday. Then, the foreknowledge of the two brides is determined 

by calculating the weton of each bride:   

a. Weton of the bridegroom born on Kliwon Friday means: Friday = 6, and kliwon = 8 

Hence, the computation is 
(6+8)

9
= 1 and the remainder is 5. 

b. Weton of the bride born on Pahing Friday, means: Friday = 6, and pahing = 9 

Hence, the computation is 
(6+9)

9
= 1  and the remainder is 6. 

Considering the computations above with the remainders of 5 and 6, the conclusion based is based in 

Table 4, which is easy of fortune. In other words, if they get married, they probably have a better life, 

easy of fortune. 
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Another example is a situation where the bridegroom is born on Kliwon Friday, and the bride 

born on Pahing Thursday. Then, the foreknowledge of the two brides is determined as follows:   

a. Weton of the bridegroom born on Kliwon Friday means: Friday = 6, and kliwon = 8 

Hence, the computation is 
(6+8)

9
= 1 and the remainder is 5. 

b. Weton of the bride born on Pahing Thursday means: Thursday = 8, and pahing = 9 

Hence, the computation is 
(8+9)

9
= 1  and the remainder is 8. 

From the computations, the remainders are 5 and 8. Checking these with the meanings in Table 4, we 

have many obstacles. In other words, if they get married, probably their life will be many obstacles. 

2. Type 2 

This computation in Type 2 is carried out by summing up all the neptu dina and neptu pasaran 

of bride and groom, then divided by 4. The foreknowledge decision in this is also made using the 

remaining value after the division. The conclusion of the computation based on the meaning from the 

Javanese Primbon in shown in Table 5. 

 Table 5. The Meaning of the Remainder in Type 2  

Remainder Meaning 

1 Gentho, larang anak (rarely have children) 

2 Gembili , sugih anak (have many children) 

3 Sri, sugih rejeki (lots of fortune) 

4 Punggel, mati siji (one died) 

The first example here is a situation in which the bridegroom is born on Kliwon Friday, and the 

bride is born on Pahing Friday. Then, the foreknowledge of the couple is determined as follows: Weton 

of the bridegroom born on Kliwon Friday means Friday = 6, and kliwon = 8, and then weton bride 

Pahing Friday, means Friday = 6, and pahing = 9. Hence, the computation is 
(6+8)+(6+9)

4
= 7, while the 

remainder is 1. 

Since the remainder is 1, the conclusion of the computation as shown from the meaning in Table 

5 is rarely have children. Therefore, in a situation where the bridegroom is born on Kliwon Friday and 

the bride born on Pahing Friday, there is no good future for them.  

The second example is a situation where the bridegroom is born on Kliwon Friday, and the bride 

born on Pahing Thursday. Then, the foreknowledge of the couple is determined as follows: Weton of 

the bridegroom born on Kliwon Friday, means Friday = 6, and kliwon = 8, and the weton of the bride 

born on Pahing Thursday, means Thursday = 8, and pahing = 9. Hence, the computation is 

(6+8)+(8+9)

4
= 7 and the remainder is 3. 

The conclusion with the remainder of 3 as shown from the meanings in Table 5 is lots of fortune. 

Based on this, the bridegroom born on Kliwon Friday with the bride born on Pahing Thursday has a 

good future, lots of fortune. 
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3. Type 3 

Predicting the future with Type 3 is similar to Type 2, which involves summing up of all neptu 

dina and neptu pasaran of bride and groom. However, the divider is 10 or 7, and the remainder of the 

division starting from 1 to 7. Then, the conclusion is drawn from the meanings of the Javanese Primbon 

shown in Table 6. 

Table 6. The Meaning of the Remainder in Type 3 

Remainder Meaning 

1 Wasesasegara, kamot, jembar budine, sugih pangapura gedhe prabawane (easy to 

forgive, accept suggestions) 

2 Tunggaksemi, cepak rijekine (lots of luck, lots of friends) 

3 Satriya wibawa, oleh kamulyan lan laluhuran (authoritative, noble) 

4 Sumursinaba, dadi pangungsening kapinteran (smart, as a questioned person, a 

source of knowledge) 

5 Satriyaning, nandhang dukacita, kawirangan, isarat panulake ngetokake getih, 

umpamane mbleh ayam (hit by disaster, affected, miserable) 

6 Bumikapetak, petengan aten, nanging taberi ing gawe, kuat nandhang lara lapa, 

resikan, isarat panulake mendhem lemah (diligent work but miserable) 

7 Lebu katiup angin, nandang papa cintraka, kabeh karepe ora dadi, kerep ngalih 

omah, isarat panulake gabul-abul lemah (the desires do not come true, often move 

home, miserable) 

Like the first example in Type 2, the bridegroom is born on Kliwon Friday, and the bride born on 

Pahing Friday. Kliwon Friday means Friday = 6, and kliwon = 8, and Pahing Friday means Friday = 6, 

and pahing = 9. Hence, the computation is  
(6+8)+(6+9)

10
= 2 and the remainder is 10 (should not). But 

when 7 is used, we have 
(6+8)+(6+9)

7
= 4 and the remainder is 1.  

Based on this, the conclusion is drawn from the meanings in Table 6. Since the remainder is 1, it 

is easy to forgive, accept suggestions. In other words, a bridegroom born on Kliwon Friday will have a 

good future with a bride born on Pahing Friday. 

Also, just like the second example in Type 2, the bridegroom is born on Kliwon Friday, and the 

bride born on Pahing Thursday. Kliwon Friday means Friday = 6, and kliwon = 8, and Pahing Thursday 

means Thursday = 8, and pahing = 9. Hence, the computation is 
(6+8)+(8+9)

10
= 3, while the remainder 

is 1. Checking for this remainder with the meaning shown in Table 6 gives easy to forgive, accept 

suggestions. Therefore, it is concluded that the bridegroom born on Kliwon Friday will have a good 

future with a bride born on Pahing Thursday. 

4. Type 4 

The computation of Type 4 is the same with type 2 and 3, with the summing up of all neptu dina 

and neptu pasaran of bride and groom. However, the divider is 5, and the remainder of the division 

starts from 1 to 5. Then, the conclusion is drawn from the meanings shown by Javanese Primbon in 

Table 7. 
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Table 7. The Meaning of the Remainder in Type 4 

Remain Meaning 

1 Sri (noble) 

2 Dana (charity) 

3 Lara (sick) 

4 Pati (die) 

5 Lungguh (possess a position) 

Like the first example in Type 2 and Type 3, the bridegroom is born on Kliwon Friday, and the 

bride is born on Pahing Friday. Kliwon Friday means Friday = 6, and kliwon = 8, and Pahing Friday 

means Friday = 6, and pahing = 9. Hence, the computation is  
(6+8)+(6+9)

5
= 5 and the remainder is 4. 

Based on the remainder, which is 4, and checking it with reference to the meanings shown in Table 7, 

it is pati, meaning died. Therefore, it is concluded that the bridegroom born on Kliwon Friday will have 

bad marriage experience with the bride born on Pahing Friday. 

Also, like the second example in Type 2 and Type 3, the bridegroom is born on Kliwon Friday, 

and the bride is born on Pahing Thursday. Kliwon Friday means Friday = 6, and kliwon = 8, and Pahing 

Thursday means Thursday = 8, and pahing = 9. Hence, the computation is  
(6+8)+(8+9)

5
= 6 and the 

remainder is 1. 

Considering the remainder, which is 1, the conclusion is drawn from the meanings shown in 

Table 7, and this is noble. Therefore, there is a good future between the bridegroom born on Kliwon 

Friday and the bride born on Pahing Thursday. If they get married, probably they will be very rich. 

Considering this foreknowledge presented above, we could deduce that the results are 

inconsistent. However, the focus is not to discuss these inconsistencies; it is an indication that 

foreknowledge is someone's estimate, which is not necessarily true — nevertheless, it showed that 

numbers have a mystical aura for the Javanese and this does not only occur in Java. There was a pair of 

friendly numbers in the ancient Greeks, which attained a mystical aura, and superstition. Then, it later 

maintained that two talismans bearing these numbers would have a perfect friendship. According to 

Eves (1969), these numbers came to play an essential role in magic, sorcery, astrology, and the casting 

of horoscopes. 

 

Relating Mate and Mathematics 

The act of getting a mate and the prediction of future based on the weton of the couples through 

Javanese Primbon has a numerical value within the Javanese community. These computations in 

predicting the future have similarities in the case of repeating numbers. Ascher (1991) stated that 

numbers are only names given for the series formed, and the capacity to calculate is universally related 

to human language. Furthermore, when writing or naming numbers for each culture, it may be different 

from what it means in the other culture (Van Maanen, 2011; Abdullah, 2017). However, numbers 

usually have patterns and have implicit relationships in arithmetic. 
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In addition, Eves (1969) states that the calculation process must be systematized in a number 

base. Human fingers are more comfortable to use. Hence, it was not surprising that base 10 was chosen. 

Besides base 10, Eves (1969) suggests the use of 2, 3, and 4 as number bases. In line with this, certain 

tribes of Tierra del Fuego have several first number names based on 3, and some South American tribes 

also use 4. Eves (1969) also suggests that base 5 could be used extensively. There are some South 

American tribes that currently count by hands, such as "one, two, three, four, hands, hands and one,." 

Yukaghir Siberia uses a mixed scale by counting "one, two, three, three and one, five, two three, one 

more, two four, ten with one missing, ten." 

Like calculations from other cultures that use bases, computation in predicting the future of 

couples based on weton also uses number bases. If we look at Type 1, foreknowledge used base number 

9, Type 2 used base number 4, foreknowledge in Type 3 used base number 7, and Type 4 used base 

number 5. This shows that the computation in predicting the future of couple based on their weton, use 

different number bases for different types. In other words, Javanese Primbon recognizes more than one 

base. 

Moreover, calculating through Javanese Primbon could be performed using other mathematical 

elements, as we could symbolize the calculation on Type 1 in the formal mathematical sentence. If 

neptu dina of the bride is symbolized as 𝑎, and neptu pasaran of the bridge is symbolized as 𝑏, and 

divisor 9 is symbolized in 𝑞, and the remainder of this calculation is symbolized by 𝑟, then it can be 

written as: 

 

𝑎+𝑏

𝑞
 and remainder 𝑟, where 𝑎 =  {3,4,5,6,7,8,9} and 𝑏 =  {4,5,7,8,9}. 

 

Also, we also could symbolize the calculation in Type 2, 3, and 4 in the formal mathematical 

sentence. If neptu dina of the bride is symbolized as 𝑎, neptu dina of the groom is symbolized as 𝑏, 

neptu pasaran of the bride is symbolized as 𝑐, neptu pasaran of the bride is symbolized as 𝑑, and the 

divisor is symbolized in 𝑞, and the remainder of the calculation is symbolized as 𝑟, it can be written as: 

 

𝑎+𝑏+𝑐+𝑑

𝑞
 and remainder 𝑟, where 𝑎 = 𝑐 =  {3,4,5,6,7,8,9} and 𝑏 = 𝑑 =  {4,5,7,8,9}. 

 

In the general form, the result of the sum is symbolized as 𝑎 then divided by 𝑏 and remainder 𝑟 

or written as 𝑎 =  𝑏𝑞 +  𝑟. This is referred to as the remainder theorem in formal mathematics. In other 

words, one of the mathematical elements in the foreknowledge is a remainder theorem. 

According to Nagell (1952), in the remainder theorem, if 𝑎 and 𝑏 are integers and 𝑏 ≠ 0, a unique 

integer 𝑞 exixts such that 

𝑎 = 𝑏𝑞 + 𝑟, where 0 ≤ 𝑟 < |𝑏|. 

This theorem is also known as the division algorithm (Fine & Rosenberger, 2007). We take the 

following examples of the division algorithm: 

(i) 22 divided by 5 is 4, remainder 2, so we can write 22 = 5 ∙ 4 + 2 
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(ii) 26 divided by 4 is 6, remainder 2, so we can write 26 = 4 ∙ 5 + 2 

(iii) 28 divided by 3 is 9, remainder 1, so we can write 28 = 3 ∙ 9 + 1 

Another commonly used notation is 𝑎 𝑚𝑜𝑑 𝑚 =  𝑟 (read "a modulo m"), which denotes that 𝑟 

is the remainder obtained when 𝑎 is divided by 𝑚. Suppose that 𝑎 is an integer and 𝑚 is an integer more 

than 0, hence: 

𝑎 𝑚𝑜𝑑 𝑚 =  𝑟, so that 𝑎 =  𝑚𝑞 +  𝑟, where 0 ≤  𝑟 <  𝑚 

We can take the following examples of the modulo arithmetic: 

(i) 22 = 5 ∙ 4 + 2 is 22 𝑚𝑜𝑑 5 = 2 

(ii) 26 = 4 ∙ 5 + 2 is 26 𝑚𝑜𝑑 4 = 2 

(iii) 28 = 3 ∙ 9 + 1 is 28 𝑚𝑜𝑑 3 = 1 

Furthermore, the mathematical element in the foreknowledge is a congruent modulo n. In the 

definitions and fundamental properties, let 𝑛 be an integer ≠0. The integers 𝑎 and 𝑏 are said to be 

congruent modulo 𝑛, or for the modulus 𝑛, when their difference 𝑎 − 𝑏 is divisible by 𝑛. To express 

this mathematical element: 

𝑎 ≡ 𝑏(𝑚𝑜𝑑 𝑛), 

Where the symbol ≡ is to be read “is congruent to” , and the number 𝑛 is the modulus of the congruence 

(Nagell, 1952). We take the following examples of the congruent modulo: 

(i) 22 𝑚𝑜𝑑 5 = 2 and 17 𝑚𝑜𝑑 5 = 2, so 22 ≡ 18(𝑚𝑜𝑑 5) 

(ii) 26 𝑚𝑜𝑑 4 = 2 and 30 𝑚𝑜𝑑 4 = 2, so 26 ≡ 30(𝑚𝑜𝑑 4) 

(iii) 28 𝑚𝑜𝑑 3 = 1 and 25 𝑚𝑜𝑑 3 = 1, so 28 ≡ 25(𝑚𝑜𝑑 3) 

Therefore, we could conclude that foreknowledge computations contain mathematical elements 

including number bases, remainder theorem, modulo, and modulus of the congruence. 

 

Proposed a Mate in Javanese Primbon as a Contextual for Teaching Mathematics 

A mate in Javanese Primbon is a contextual problem for Javanese students. Learning uses a 

context that can provide comprehensive understanding and links to students to provide direct experience 

with hands-on experience in real life. Cultural context issues can be used in learning through 

ethnomathematical problems. Hence, mate or foreknowledge matching in Javanese Primbon can be 

used as an ethnomathematical problem. Ethnomathematics problems are mathematical problems in 

which verbal texts use narration to describe mathematical practices that exist in daily habits, traditions, 

and experiences of various socio-cultural groups, and solution to the problem must be examined in its 

social context (Katsap & Silverman, 2016; Risdiyanti & Prahmana, 2018). 

Problem’s text using ethnomathematics can be built by integrating problems related to a culture 

which contain mathematical content. Katsap and Silverman (2016) argue that the problem contains two 

parts; the first part contains a prelude, which is a segment of information related to the culture, tradition, 

or habits of society. The second part of the problem’s text contains mathematical questions (the solution 
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is discussing mathematical objects and structures requires investigation or evidence) and non-

mathematical questions (referring to social problems or facilitating mathematical practices in the 

community). Here is an example. 

Problem: Prediction of fate marriage through base and modulo 

Read the prelude before you answer the following questions. 

Prelude  

In the tradition of marriage in Javanese, various things need to prepare, including determination 

about the compatibility of the two brides. Traditional Javanese elders usually do match matching 

between the two brides. The determination of the compatibility of the two brides contains predictions 

about life later after marriage based on the weton. If the foreknowledge results are good, then the 

determination continues on the search for a good wedding day for the bride and groom. However, if the 

foreknowledge results are not good, the marriage of the two brides will not take place. 

The task 

1. Describe in your own words what you've learned about the rural setting of the prediction of fate 

marriage from the prelude information. 

2. A girl of sufficient marriage (a mature woman), has Tuesday Legi weton. The girl's parents 

looking for a partner to her daughter. If the forecasting used is to use the modulo base 4, the 

computation is carried out by summing up all the neptu dina and neptu pasaran of bride and 

groom, then divided by 4. Then, the foreknowledge decision is use Table 8. Furthermore, find 

weton of a man, who has a good prediction if he is married to the girl. 

 

Table 8. The Meaning of the Remainder in Modulo 4 

Remainder Meaning 

1 Gentho, larang anak (rarely have children) 

2 Gembili , sugih anak (have many children) 

3 Sri, sugih rejeki (lots of fortune) 

4 Punggel, mati siji (one died) 

 

CONCLUSION  

The use of Javanese Primbon in marriage is something unique in predicting the future. We have shown 

that matchmaking of mates using foreknowledge through Javanese Primbon is attributed to number bases, 

remainder theorems, modulo, and modulus of congruence in formal mathematics. Hence, the matchmaking of 

mates using foreknowledge through Javanese Primbon has potential material as a context in mathematics 

learning, such as the context in making an ethno-mathematical problem. The limitation of this study is needed 

to be continued for further research on its empirical use in mathematics learning by the topic. 
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Appendix: The Meaning of the Remain Type 1 

(Source: Document of Javanese Primbon) 
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Abstract 

Teachers’ diagnostic practice on students-difficulties is one of the important steps in designing and managing 

classroom lessons. The purpose of this study was to explore teachers’ perception and practices regarding 

diagnosing students’ learning difficulties. The participants of the study were 28 Indonesian mathematics teachers 

of Junior High School. The data was collected through a Focus Group Discussion and a teacher questionnaire. 

The data were analyzed qualitatively to describe how the teachers perceive learning difficulties and how the 

teachers diagnosed students’ learning difficulties. The results of the analysis reveal that the teachers do not yet 

perform an in-depth diagnosis of students’ difficulties in learning mathematics. The teachers only focus on the 

mathematics topics and non-mathematical issues, instead of on students’ thinking process. The teachers also do 

not differentiate the diagnosis, evaluation, and prediction test. With regard to the strategies used by the teachers 

to diagnose students’ difficulties, analyzing students’ responses to tests was the majority. In this respect, 

observing students’ learning process during classroom activities is rarely done by the teachers in the purpose of 

diagnosing students’ learning difficulties. The results of the diagnosis are mainly used as the basis for remedial 

and drill and practices. The results imply that more support is needed for teachers to improve their competences 

particularly in diagnosing students’ thinking process difficulties when learning mathematics.  

Keywords: diagnosis, learning difficulties, teachers’ perception, teachers’ practices 

Abstrak 

Praktik diagnosis terkait kesulitan siswa dalam belajar merupakan salah satu langkah penting ketika mendesain 

dan mengelola proses pembelajaran di kelas. Tujuan penelitian ini adalah mengeksplorasi persepsi dan praktik 

yang dilakukan guru terkait mendiagnosa kesulitan belajar siswa. Penelitian ini melibatkan 28 guru matematika 

Sekolah Menengah Pertama (SMP) dari Indonesia. Data dikumpulkan melalui Focus Group Discussion (FGD) 

dan angket guru. Data dianalisis secara kualitatif untuk mendeskripsikan bagaimana persepsi guru tentang 

kesulitan belajar dan bagaimana cara yang dilakukan guru dalam mendiagnosa kesulitan belajar siswa. Hasil 

analisis menunjukkan bahwa guru belum melakukan diagnosa kesulitan siswa dalam belajar matematika secara 

mendalam. Guru hanya fokus pada aspek matematika itu sendiri tanpa memperhatikan proses berpikir siswa. 

Selain itu, guru juga kurang mampu membedakan antara tes diagnosa, evaluasi, dan prediksi. Strategi yang paling 

sering digunakan guru untuk mendiagnosa kesulitan belajar siswa adalah dengan menganalisis hasil tes siswa. 

Dalam hal ini pengamatan proses belajar siswa selama kegiatan belajar mengajar jarang dilakukan guru untuk 

mendiagnosa kesulitan belajar siswa. Hasil penelitian ini menunjukkan bahwa kemampuan diagnostik guru 

masih perlu dukungan terutama untuk mendiagnosis kesulitan proses berpikir matematika siswa. 

Kata kunci: diagnosa, kesulitan belajar, persepsi guru, praktik mengajar guru 

How to Cite: Wijaya, A., Retnawati, H., Setyaningrum, W., Aoyama, K., & Sugiman. (2019). Diagnosing 

Students’ Learning Difficulties in the Eyes of Indonesian Mathematics Teachers. Journal on Mathematics 

Education, 10(3), 357-364. https://doi.org/10.22342/jme.10.3.7798.357-364. 

 

A number of studies have shown that mathematics is experienced as a difficult subject by many students 

in various levels of education. In elementary school level, Wijaya (2017), for example, revealed 

students’ difficulties with fractions. Students in his study understood fractions as parts of a whole, but 

more than 90% of these students were unable to solve problems involving fractions as parts of a 

collection of objects. Mathematics is also difficult for secondary school students. Retnawati, 
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Kartowagiran, Arlinwibowo, and Sulistyaningsih (2017) revealed that only 5% of junior high school 

students in their study who could deal with fractional exponents such as 4^(2/3). The concept of subset 

and parallel lines are also difficult for these students as indicated by the low percentages of students’ 

correct answer, i.e. only about 30%. In upper secondary school, Coşkun (2008) revealed that students 

experience difficulties with: (1) division algorithm that forms the basis of modular arithmetic, (2) 

symbolic representation of the division algorithm with modular arithmetic notation, and (3) equivalence 

class with the concept of mod. Difficulties with mathematics are also experienced by university 

students. A study of Klymchuk, Zverkova, Gruenwald, and Sauerbier (2010) revealed that many 

university students could not construct a simple function that representing a familiar context. A general 

perspective on students’ difficulties in mathematics is given by Russell, O’Dwyer, and Miranda (2009) 

who found that students’ difficulties in mastering concept occur are caused by students’ inability to link 

between the knowledge that they are studying and the prior knowledge they have. 

Awareness of the difficulties experienced by students in their learning process is an important 

first step for teachers to design and manage mathematics lessons (Çiltas & Tatar, 2011; Wijaya, van 

den Heuvel-Panhuizen, Doorman, & Robitzsch, 2014; Wijaya, 2016; Saleh, Prahmana, Isa, & Murni, 

2018). In this respect, analyzing students’ learning difficulties is often seen as a crucial step to access 

students’ reasoning (Brodie, 2014; Muttaqin, Putri, & Somakim, 2017; Mutohir, Lowrie, & Patahuddin, 

2018). Analyzing students’ difficulties can be a preliminary step in the process of improving student 

performance because it sheds light on key aspects of students’ learning process that need to be 

developed. After diagnosing students’ difficulties in learning mathematics, Tall and Razali (1993) 

recommend that less able students cannot be simply helped by providing them with specific strategies 

to overcome their specific errors. These students also need overall powerful mathematics strategies. 

Furthermore, on the basis of their analysis Tall and Razali also highlight that developing the confidence 

of less able students is also an important step to help them gain a better result in mathematics. Another 

example of instructional recommendation on the basis of analyzing students’ difficulties can be found 

in the study of Wijaya, et al. (2014). The results of an error analysis conducted by Wijaya, et al. (2014) 

imply that improving the task comprehension of students requires a focus not only on students’ language 

competence, but also on the ability to select relevant information. Furthermore, the ability to identify 

the required procedure or concept was found to be another key competence that needs to be improved.  

To identify and overcome students’ difficulties during their learning process are not only a 

requirement of modern education, but also parts of teachers’ responsibilities (Çiltas & Tatar, 2011; Nor, 

Ismail, & Yusof, 2016). This is in agreement with one of the principles for school mathematics proposed 

by the National Council of Teachers of Mathematics (2000) that an effective mathematics teaching 

requires teachers to understand what students know and need to learn. Such understanding forms a basis 

for teachers to support their students to learn mathematics well. Therefore, it is crucial for teachers to 

be aware of their students’ difficulties in learning mathematics in order to develop and perform learning 

activities effectively (Yetkin, 2003; Aris, Putri, & Susanti, 2017; Nuari, Prahmana, & Fatmawati, 2019). 
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This expectation implies that teachers need to have a competence to identify students’ learning 

difficulties. With respect to the teaching of foreign language, Edelenbos and Kubanek-German (2004) 

defined a so called ‘teacher’s diagnostic competence’ as “the ability to interpret students’ foreign 

language growth, to skillfully deal with assessment material and to provide students with appropriate 

help in response to this diagnosis” (p. 260). Transforming this idea into the teaching of mathematics, 

teacher’s diagnostic competence could be defined as teachers’ ability to interpret students’ thinking and 

reasoning process, to monitor students’ progress and difficulties, and to provide appropriate responses 

to the results of the diagnosis. With respect to diagnostic competence, students have different 

preconditions therefore teachers need to recognize each student (Tolsdorf & Markic, 2017) and must be 

able to describe and interpret the individual student’s abilities and difficulties.  

The present study was aimed to investigate diagnostic practices reported by teachers particularly 

mathematics teachers. This investigation includes not only how teachers perform the diagnosis, but also 

teacher’s perspective on students’ learning difficulties. 

 

METHOD 

The present study was a qualitative research employing Focus Group Discussion (FGD) and 

survey through questionnaire. FGD was chosen because of the following reasons it is a powerful 

exploratory tool that could provide information about how people think, feel, and act regarding a 

particular topic (Freitas, Oliveira, Jenkins, & Popjoy, 1998). A total of 28 Indonesian mathematics 

teachers of Junior High School participated in the FGD. The participants were selected using 

convenience sampling. The FGD was aimed to uncover diagnostic practices that have been done by 

teachers in relation to students’ learning difficulties. It was conducted in about 4 hours and recorded yet 

remain anonymously. 

In addition to the FGDs, the teacher’s participants also filled in an open questionnaire. The FGD 

and the questionnaire covered the following issues:  

1. teachers’ perception on students’ learning difficulties, 

 Do you notice if your students have difficulties in learning mathematics? 

 How do you know about diagnosing students’ learning difficulties? Have you read particular 

books about diagnosing students’ learning difficulties? 

2. teachers’ practices with regard to diagnosing students’ learning difficulties, 

 How do you diagnose your students’ learning difficulties? 

 When do you usually diagnose students’ learning difficulties? 

 Do you encounter any difficulty in developing proper instrument to diagnose students’ learning 

difficulties? 

 When using multiple-choices items, do you use proper distractor as a tool to diagnose students’ 

learning difficulties? 
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3. teachers’ actions as the responses to the results of diagnosis, 

 In general, what kind of learning difficulties do your students have? 

 What kind of difficulties do your students have when particularly learning mathematics? 

 How do you classify students’ learning difficulties? 

 How do you respond or follow up the results of diagnosis? What kind of actions do you usually 

take? 

 How do you report students’ learning difficulties? To whom do you give the report?  

 In your opinion, what parties who should be responsible to take an action in response to students’ 

learning difficulties? 

4. the parties who are involved or informed regarding students’ learning difficulties 

 Are the other parties that also take an action in response to students’ learning difficulties? If so, 

who are they? 

5. needs or tools to diagnose students’ learning difficulties 

 Do you use particular software(s) as a tool to diagnose students’ learning difficulties? If so, what 

are the advantages and disadvantages of using the software(s)? 

 In your opinion, do you need a software that is particularly designed to diagnose students’ 

difficulties in learning mathematics? If so, what kinds of specification? 

 

In the first step of analysis, the questionnaire data was reported quantitatively to show the 

occurrence of particular practices (in percentage) with regard to diagnosing students’ learning 

difficulties. In the next process, this data were described qualitatively and supported by the results from 

the FGDs. 

 

RESULT AND DISCUSSION 

The results of this study are organized into four categories, i.e. (1) teachers’ perception on 

students’ learning difficulties, (2) teachers’ practices with regard to diagnosing students’ learning 

difficulties, (3) teachers’ actions as the responses to the results of diagnosis, and (4) the parties who are 

involved regarding students’ learning difficulties. 

Teachers’ Perception on Students’ Learning Difficulties 

The teachers were asked to mention the difficulties experienced by their students in learning 

mathematics. The teachers reported various difficulties, around 61% of the difficulties indicated by the 

teachers were related to mathematics. These difficulties include a lack of calculation skills, low 

understanding of algebra, and also inability to make a mathematical model representing a contextual 

problem. Some other Indonesian teachers only listed mathematics domains or topics, such as algebra, 

geometry, and function without detailed indication about the students’. These Indonesian teachers 

seemed to focus on the mathematics itself, not on their students’ thinking process. The remaining 39% 
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of the difficulties referred to non-mathematical difficulties. These difficulties include a lack of 

motivation, careless, and ignorance. Interestingly, such non-mathematical difficulties are still 

mentioned when the Indonesian teachers were asked specifically about their students’ difficulties in 

learning mathematics, i.e. about 23% of teachers’ responses. 

 

Teachers’ Practices with Regard to Diagnosing Students’ Learning Difficulties 

With regard to teachers’ practice in diagnosing students’ learning difficulties, there are two main 

concerns, i.e. the period when teachers diagnose students’ difficulties and the instruments which are 

used by teachers. The questionnaire shows that 53% of the Indonesian teachers diagnosed their students’ 

learning difficulties during the mathematics lessons. About 42% of the Indonesian teachers reported 

that they performed the diagnosis after the completion of teaching a particular topic. The remaining 5% 

of the Indonesian teachers said that they diagnosed students’ difficulties at the beginning of the 

semester. Based on these results, it seem that the Indonesian teachers did not distinguish diagnosis (or 

formative assessment), evaluate (or summative assessment), and prediction test. The fact that the 

teachers ‘diagnose’ students’ difficulties after the completion of a particular topic indicates that the 

teachers perform an evaluation, instead of a diagnosis. During the FGD many teachers reported that 

they perform the diagnosis after a series of lesson addressing a particular topic in order to see whether 

their students accomplished the learning objectives. Few teachers reported that their schools administer 

a kind of bridging test or a so called of matriculation test at the beginning of semester in order to get 

information about students’ prior knowledge. Such practice also does not fit the purpose of diagnosis. 

Despite these inappropriate practices of diagnosis, more than a half of the teachers showed a good 

understanding of diagnosis process. These teachers reported that they investigate students’ difficulties 

during the teaching and learning process. 

The second concern regarding teachers’ practice in diagnosing students’ difficulties is the 

instrument or ways to diagnose. The questionnaire data show that most Indonesian teachers used more 

than one ways or instruments. The most frequently used ways to diagnose students’ learning difficulties 

was test, i.e. 56%. The Indonesian teachers reported that they diagnosed students’ learning difficulties 

by administering a test and analyzing its results. The Indonesian teachers also reported that they also 

diagnose students’ difficulties through observation during the learning process, i.e. 28%. The teachers 

explained that they could identify students who experienced difficulties by observing students’ gesture 

and the kinds of questions posed by students. The last way that used by the Indonesian teachers to 

identify students’ difficulties was interview or conversation, i.e. 17%. The teachers explained that they 

could diagnose students’ difficulties through conversation. However, the FGD data indicates that some 

teachers did not entirely diagnose students’ difficulties during the conversation because what they asked 

mainly about whether or not their students like mathematics and what make students like or dislike 

mathematics. 
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Teachers’ Actions as the Responses to the Results of Diagnosis 

The third issue that was explored in the present study is investigating what the teachers do after 

diagnosing students’ learning difficulties. The finding about this issue could provide information 

whether the teachers diagnose students’ difficulties as a part of their attempt to conduct an effective 

teaching or not. Based on the data from questionnaire and FGD, there are four types of action that were 

performed by the Indonesian teachers after diagnosing students’ learning difficulties. The most 

frequently performed action was remedial, i.e. 48%. The teachers reported that they conducted a 

remedial when many students in their class had difficulties in learning mathematics. This remedial was 

mainly in the form of re-teaching the difficult topic. For the remedial, the teachers still used their regular 

teaching strategies. The teachers also often gave drill and practices, i.e. 31%, to overcome students’ 

learning difficulties. They gave students similar tasks to solve. Only 17% of teachers’ actions were in 

the category of developing or planning new teaching strategies. Some teachers explained that students’ 

learning difficulties might be influenced by the teachers’ teaching strategies. Therefore, these teachers 

tried to find new teaching strategies to overcome students’ learning difficulties. In this respect, these 

teachers explicitly mentioned joyful learning. It indicates that the teachers consider students’ 

uncomfortableness during the learning process is a cause for students’ learning difficulties. The least 

frequently performed action was developing teaching media, i.e. 5%. Some teachers argued that a lack 

of media might contribute to students’ learning difficulties; therefore, designing appropriate media is 

an important action to take after diagnosing students’ difficulties. 

  

The Parties Who are Responsible to Overcome Students’ Learning Difficulties 

The teachers were asked about the parties who should take action regarding the results of the 

diagnosis. In general, the Indonesian teachers mentioned four parties, i.e. the school principal, teachers, 

school counselor, and parents. According to the teacher, school principal need to take action at school 

level to overcome and prevent students’ learning difficulties. It might be in the form of school program 

such as extra study hours at school. The teachers themselves are the main actor who should take action 

on the basis of their students’ learning difficulties. In an addition to principal and teacher, school 

counselor is also an important party who should participate in overcoming students’ learning 

difficulties. The involvement of school counselor seems to correlate to teachers’ perception that 

students’ difficulties in learning mathematics include non-mathematical aspects, such as students’ 

motivation and careless. Lastly, the Indonesian teachers emphasize that overcoming students’ learning 

difficulties is not only the responsibility of teachers and schools, but also the parents’ responsibility. 

 The present study was aimed to explore teachers’ perception on students’ learning difficulties 

and teachers’ practice in diagnosing students’ learning difficulties. With regard to the teachers’ 

perception, the results of the study show that the teachers do not perform in-depth diagnosis of students’ 

difficulties in learning mathematics. The teachers do not thoroughly identify students’ thinking process 

in relation to the mathematics concepts they are learning. Paying more attention to such specific aspect 
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could help teachers perform an appropriate follow-up action other than re-teaching. As recommended 

by Ciltas and Tatar (2011), teachers could identify appropriate teaching methods when they have 

enough information about students’ thinking process. Similarly, NCTM (2000) also emphasize a need 

for understanding what students know and need to learn in order to provide support for students. 

Another important finding of the present study is the fact that the teachers also do not differentiate 

diagnosis, evaluation, and prediction test. Regarding the strategies used by the teachers to diagnose 

students, analyzing students’ responses to tests was the majority followed by observation and interview.  

 

CONCLUSION 

The teachers perform various actions on the basis of their finding in diagnosing students’ 

difficulties in learning mathematics. The major action taken by the teachers is remedial in the form of 

re-teaching. Many teachers also perform drill and practices to overcome students’ learning difficulties. 

Developing teaching strategies and media that fit students’ learning difficulties is a minor action taken 

by the teachers.  
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Abstract 

Mathematical representation has an essential role in solving mathematical problems. However, there are still 

many mathematics education students who have difficulty in representing ill-structured problems. Even though 

the ill-structured-problem-solving tasks designed to help mathematics education students understand the 

relevance and meaningfulness of what they learn, they also are connected with their prior knowledge. The focus 

of this research is exploring the used of mathematical representations in solving ill-structured problems 

involving quadratic functions. The topic of quadratic functions is considered necessary in mathematics teaching 

and learning in higher education. It's because many mathematics education students have difficulty in 

understanding these matters, and they also didn’t appreciate their advantage and application in daily life. The 

researchers' explored mathematical representation as used by two subjects from fifty-four mathematics 

education students at the University of Nusantara PGRI Kediri by using a qualitative approach. We were 

selected due to their completed all steps for solving the ill-structured problem, and there have different ways of 

solving these problems. Mathematical representation explored through an analytical framework of solving ill-

structured issues such as representing problems, developing alternative solutions, creating solution justifications, 

monitoring, and evaluating. The data analysis used technique triangulation. The results show that verbal and 

symbolic representations used both subjects to calculate, detect, correct errors, and justify their answers. 

However, the visual representation used only by the first subject to detect and correct errors. 

Keywords: mathematical representation, problem-solving, ill-structured problem, quadratic function 

Abstrak 

Representasi matematika memiliki peran penting dalam memecahkan masalah matematika. Namun, masih 

banyak siswa pendidikan matematika yang mengalami kesulitan dalam merepresentasikan masalah yang tidak 

terstruktur. Meskipun tugas penyelesaian masalah yang tidak terstruktur dirancang untuk membantu siswa 

pendidikan matematika memahami relevansi dan kebermaknaan dari apa yang mereka pelajari, mereka juga 

terhubung dengan pengetahuan mereka sebelumnya. Fokus dari penelitian ini adalah mengeksplorasi 

penggunaan representasi matematis dalam memecahkan masalah yang tidak terstruktur yang melibatkan fungsi 

kuadratik. Topik fungsi kuadrat dianggap perlu dalam pengajaran dan pembelajaran matematika di pendidikan 

tinggi. Itu karena banyak siswa pendidikan matematika mengalami kesulitan dalam memahami hal-hal ini, dan 

mereka juga tidak menghargai keunggulan dan aplikasi mereka dalam kehidupan sehari-hari. Para peneliti 

mengeksplorasi representasi matematika yang digunakan oleh dua subjek dari lima puluh empat mahasiswa 

pendidikan matematika di Universitas PGRI Kediri dengan menggunakan pendekatan kualitatif. Kami dipilih 

karena telah menyelesaikan semua langkah untuk menyelesaikan masalah yang tidak terstruktur, dan ada 

berbagai cara untuk menyelesaikan masalah ini. Representasi matematis dieksplorasi melalui kerangka kerja 

analitis untuk memecahkan masalah yang tidak terstruktur seperti merepresentasikan masalah, mengembangkan 

solusi alternatif, membuat justifikasi solusi, memantau, dan mengevaluasi. Analisis data menggunakan teknik 

triangulasi. Hasilnya menunjukkan bahwa representasi verbal dan simbolik menggunakan kedua subjek untuk 

menghitung, mendeteksi, memperbaiki kesalahan, dan membenarkan jawaban mereka. Di sisi lain, representasi 

visual hanya digunakan oleh subjek pertama untuk mendeteksi dan memperbaiki kesalahan. 

Kata kunci: Representasi matematis, pemecahan masalah, masalah tidak terstruktur, fungsi kuadrat 

How to Cite: Santia, I., Purwanto, Sutawidjadja, A., Sudirman, & Subanji. (2019). Exploring Mathematical 

Representations in Solving Ill-Structured Problems: The Case of Quadratic Function. Journal on Mathematics 

Education, 10(3), 365-378. https://doi.org/10.22342/jme.10.3.7600.365-378. 
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Mathematical representation means expressing a mathematical concept in various ways, such as 

languages, symbols, pictures, diagrams, models, graphs, or physical objects (Caglayan & Olive, 2010; 

Goldin & Beilock, 2010; Villegas, Castro, & Gutiérrez, 2009; Putri & Zulkardi, 2018; Saleh, et al. 

2018). National Council of Teachers of Mathematics explains that the use of mathematical 

representation forms, such as charts, graphs, tables, and symbols, as well as the transition between the 

fore -mentioned forms, is an important aspect in mathematics learning (NCTM, 2000). Meanwhile, 

Nizarudin (2014) stated that mathematical representation is an internal generalization of mathematical 

ideas that are constructed as internal mental networks. Based on all the definitions mentioned, 

mathematical representations can be seen as external products and internal processes.  

Mathematical representation as an external product means the expression of mathematical 

ideas; as an internal process, it is a technique of expressing mathematical ideas (Minarni, et al. 2016; 

Nizar, et al. 2018). Mathematical representations can be observed as they occur in the mind when 

performing mathematical activities. Mathematical representation must be emphasized in the 

mathematics learning process because students’ ability to represent problems can help them solve 

mathematics problems.  

Studies about the importance of mathematical representation in problem-solving were carried 

out by Bal (2014), Caglayan & Olive (2010), and Villegas, Castro, & Gutiérrez (2009). These studies 

found that students’ representation ability is the main aspect for success in solving mathematical 

problems and understanding mathematical concepts. Therefore, one of the problems that support 

multiple representations is ill-structured problems.  

Jonassen (2011) defined ill-structured problems like types of problems with conflicting goals, 

many methods of solutions, unexpected problems, scattered knowledge, and various representations. 

Furthermore, solving ill-structured problems will support students’ mathematical representation 

ability (Byun, Kwon, & Lee, 2014; Ge & Land, 2003). 

Several studies on ill-structured problems state that authenticity, complexity, and openness are 

properties of ill-structured problems (Hong & Kim, 2011; Jonassen 1997; Palm, 2008; Shin, Jonassen, 

& McGee, 2003). Authenticity means that the problem is by following everyday life, with problems 

that describe real-life outside of school (Palm, 2008; Muhtadi, et al. 2017; Saleh, et al. 2018). A 

problem can be said to be authentic if it covers the context of everyday life and is relevant enough to 

deduce an integral part of the actual situation. In terms of complexity, Jonassen (1997) considers it to 

mean the uncertainty of concepts, rules, and principles needed to solve problems, or how problems are 

managed, and also that the relationship between concepts and rules and principles is not established. 

In terms of openness, Jonassen (1997) states that first, several evaluation criteria must be in place to 

solve the problem; second, the clarity of the problem is not presented; third, students must express 

their opinions and personal beliefs about their interpretations of the problem. 

In this study, the researchers focused on ill-structured problems involving quadratic functions 

because these are important components of mathematics education and many students find it difficult 
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to solve because of the lack of accurate representation used to solve ill-structured problems. They 

didn’t successes when to build problem representations in problem-solving situations. 

Quadratic functions area subject that students have difficulty in understanding (Akgün, 2011; 

López, Robles, & Martínez, 2016; Samo, 2009), and they also do not understand their advantage and 

application in daily life (Akgün, 2011). Quadratic-function problems have been used in many studies 

on representation and problem-solving (Bannister, 2014; Samo, 2009; Schoenfeld, 1992). Likewise, 

they are used in secondary education and early years of university in the fields of science and 

mathematics education. Therefore this material needs to be discussed further related to the reasons 

why many students fail to solve ill-structured problems with this topic. Related to this topic, Bosse, et 

al. (2014), in their study found that there are four activities done by the students in doing translation 

from the function graph to the symbolic. The activities are unpacking the source, preliminary 

coordination, constructing the targets, and determining equivalence. Bosse, et al. (2014) suggests that 

further studies, about mathematical representation translation besides the graph to the symbolic, are 

also needed in completing the research to examine in more detail in the translation process. 

Therefore, the purpose of this study is to explore the types of representations and translation 

processes between representations, which are used by mathematics education students in solving ill-

structured problems involving quadratic functions. The specific objectives in this study are to describe 

the types of representations used by mathematics education students in solving ill-structured 

quadratic-function problems and to explain mathematics education students’ translation between 

representations when solving ill-structured quadratic-function problems. 

A lot of research has been done regarding students’ use of mathematical representations and 

their usefulness as a tool in problem-solving (Goldin, 1993; Moreno, Hegedus, & Kaput, 2008; 

Villegas, et al. 2009). Also besides, some mathematical representations can be used to develop an 

understanding of the processing of mathematical concepts at a deeper level (Anwar, Yuwono, Asari, 

Sisworo, & Dwi, 2016; Hiebert & Carpenter, 2000; Pape & Tchoshanov, 2001). While it is important 

for students to have various representations of mathematical concepts and to allow for flexible use of 

mathematical concepts in problem-solving, to successfully manage the information used in problem-

solving, mathematical representations must be correct and related to each other (Villegas, et al. 2009). 

Given the importance of problem-solving in mathematics education (NCTM, 2000), the study 

of mathematical representations created by students when they solve problems is an interesting topic 

in both education and research in the field of mathematics. NCTM (2000) recognizes that a suitable 

use of multiple representations contributes to building a set of flexible tools for problem-solving. One 

of the goals of learning in middle-level and high-level mathematics education is that students acquire 

a good understanding of concepts with different representations and that they use precise and accurate 

representations during problem-solving because this is important for successful problem-solving 

(Schloeglmann, 2004). 
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Zhang (1997) said that the success of problem-solvers is based on their ability to build problem 

representations in problem-solving situations. The process of selecting problem representations allows 

students to practice balancing the advantages and disadvantages of various forms of representations 

(Chapman, 2010), and use them as tools in problem-solving. Lesh, Post, & Behr (1987) describe the 

role of mathematical representation, and the translation between representations, in mathematics 

learning, especially in problem-solving. They use the term ‘representation’ in a limited sense, as an 

external expression of students’ mathematical conceptualization. For this study, different forms of 

representation will be shown and the translation between representations and transformations will be 

explored in problem-solving performance. 

Rahmawati, Purwanto, Subanji, Hidayanto, & Anwar (2017) state the importance of translating 

activities from one representation system to another, starting with problem representations. Therefore, 

researchers need to explore mathematical representations and translations between the mathematical 

representations in solving quadratic-function problems. Kieran (2004) considers the concept of 

quadratic function as a form of understanding algebra with multiple representations. Therefore, in this 

study, the researchers explore three types of representations. Firstly, verbal representations consist of 

representations expressed both in writing and verbally. Secondly, visual representations consist of 

images, diagrams, or graphs. Finally, symbolic representations consist of numbers, operations, 

relationship signs, and algebraic symbols. 

Some experts explain ill-structured problems as having definitions, goals, and boundaries that 

are not clearly stated (Voss, 1988); having several solutions, solution paths, or no solutions at all 

(Kitchner, 1983); having a relationship between concepts, rules, and principles that is not appropriate 

(Jonassen, 1997). These problems contain unique human interpersonal activities. Ill-structured 

problems are a type of problem faced in everyday life, so they usually create a dilemma (Jonassen, 

1997). Because an ill-structured problem is not limited by the content learned in class, the solution is 

unpredictable. 

Several studies on structured problems define the characteristics of ill-structured problems such 

as authenticity, complexity, and openness (Byun, Kwon & Lee, 2014; Ge & Land, 2003; Hong & 

Kim, 2016; Jonassen 1997; Palm, 2009). A problem can be said to be authentic if it covers the context 

of everyday life and is quite relevant to deducing an integral part of the real-life situation. Jonassen 

(1997) said that complexity includes the uncertainty of concepts, rules, and principles needed to solve 

problems, or how the problem is regulated, and the fact that the relationship between concepts and 

rules or principles is not specified. In terms of openness, Jonassen (1997) states that: first, several 

evaluation criteria must be in place to solve the problem; second, the clarity of the purpose of the 

problem is not presented; and third, students must express their opinions and personal beliefs about 

the problem. 

Several researchers propose an ill-structured-problem solving process that is different from 

structured-problem solving (Ge & Land, 2003; Jonassen, 1997; Sinnott, 1989). Sinnott (1989) 
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proposes the following problem-solving model: the problem space design process, making choices 

and creating solutions, monitoring and storing, and non-cognitive factors. Ge and Land (2003) outline 

the four steps of the solving process, namely: representation of problems, developing solutions, 

developing justification, and monitoring and evaluation. Jonassen (1997) proposes the same process: 

representation of problems, generating solutions, justification, and monitoring, and evaluation. In 

several studies such as Palm (2008) also Ge and Land (2003), students were given a problem to solve. 

In doing so, they took into account the real-life situation when developing practical solving strategies 

and organizing the information. Thus, their minds were led to a new understanding of the problem, by 

evaluating and examining various alternatives to find the most appropriate solution. 

Therefore, in this study, ill-structured problems are problems that are complex and open and 

involve quadratic functions. The matters of quadratic functions application in solving mathematical 

and real-life problems are widely used in mathematics education. Visual representations of real-world 

problems with quadratic-function concepts provide more understanding of the application of 

mathematics in life (Janakievska, Stopanska, & Bogatinosca, 2012). 

 

METHOD  

This exploratory study with a qualitative approach because an analysis based on the data obtained 

then developed a certain relationship pattern or become a hypothesis then the researcher does triangulation 

for analyzed data. Data was undertaken by fifty-four mathematics education students at the University of 

Nusantara PGRI Kediri attending the algebra course. Data was obtained through the completion of an ill-

structured problem task about the quadratic function that it’s graph through one point by thinking aloud 

method. Some notes were taken by researchers during the task-solving session. The researchers reviewed 

the participants’ answer sheets and field notes to assess the mathematical representations obtained. Based 

on the results of the worksheet analysis, two subjects were selected due to their completed all steps for 

solving the ill-structured problem, there have different ways of solving these problems, and their good 

response when interviewed.  

The ill-structured problem in this study is called Ill-Structured Problem Mathematics Test (TPMI) 

and it was given to the students as follows: “Determine the quadratic function that it’s graph through point 

K (2, 3).” These problems include ill-structured problems because it had complexity from the limited 

information and have an openness method also solution. These problems can also explore multiple 

representations because the topic of function allows being presented in various forms of representations 

(López, Robles, & Martínez, 2016). 

The research procedure conducted to obtain the data of mathematical representations used in solving 

an ill-structured problem. First, the participants were asked to solve the problem as outlined on the 

worksheet by different ways of solving the problem. At this stage, only two participants have different 

ways of solving the problem. Second, the researchers interviewed the subjects to verify that the test data is 

written based on the analysis framework, which is shown in Table 1.  
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Table 1. Framework for Mathematical Representation Analysis 

Type of 

Mathematical 

Representation 
Description 

Indicators for Mathematical Representation 

Analysis 
Codes 

Type 1: Verbal 

representation 

in solving ill-

structured 

problems 

Stating problems, 

problem-solving 

strategies, and 

monitoring results 

and discussions 

verbally. 

Expressed problems similar to the text problem. Vb11 

Expressed problems, change a few words with 

their own style of speech. 

Vb12 

State the problem by writing the same text as the 

problem. 

Vb13 

State the problem by writing a paraphrase text 

from the question. 

Vb14 

Describe the strategies developed to get 

solutions. 

Vb21 

Describe the strategies developed to get 

solutions and there are no solutions to paper 

problems 

Vb22 

Describe the arguments and facts that support 

the solution chosen orally. 

Vb31 

Describe the arguments and facts that support 

the chosen solution by writing text. 
Vb32 

Describe the results of evaluation and 

effectiveness of solutions that are appropriate 

orally. 

Vb41 

Type 2: Visual 

representation 

in solving ill-

structured 

problems 

Stating problems, 

problem solving 

strategies, and 

monitoring results 

and discussion using 

embodiments of 

images, graphs, 

diagrams, number 

lines, and other 

mathematical 

drawings. 

State the problem by making pictures, graphics, 

diagrams, number lines, and other mathematical 

drawings on the worksheet 

Vs11 

Describe the strategies developed to get 

solutions and alternative solution to the problem 

by pictures, graphics, diagrams, number lines 

and other mathematical drawings on the 

worksheet. 

Vs21 

Describe the arguments and facts that support 

the chosen solution by pictures, graphs, 

diagrams, number lines, and other mathematical 

drawings on the worksheet. 

Vb31 

Describe the results of the evaluation and 

effectiveness of solution expressed by pictures, 

graphs, diagrams, number lines, and other 

mathematical drawings on the worksheet. 

Vb41 

Type 3: 

Symbolic 

representation 

in solving ill-

structured 

problems 

Stating problems, 

problem solving 

strategies, and 

monitoring results 

and discussion using 

numbers, variables 

and other 

mathematical 

expressions. 

Express problems by using numbers, variables 

and other mathematical expressions on the 

worksheet 

Sb11 

Describe the strategies developed to get 

solutions and alternative solutions to problems 

by using numbers, variables and other 

mathematical expressions on the worksheet. 

Sb21 

Describe the arguments and facts that support 

the chosen solution using numbers, variables and 

other mathematical expressions on the 

worksheet. 

Sb31 

Describe the results of the evaluation and the Sb41 
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Type of 

Mathematical 

Representation 
Description 

Indicators for Mathematical Representation 

Analysis 
Codes 

effectiveness of solution expressed by using 

numbers, variables and other mathematical 

expressions on the worksheet. 
 

 In this stage, interviews were conducted to match the data with the written data from the students’ 

work. Data validity checks were carried out using the triangulation technique, which is checking the 

consistency between the written result and the interview result. Data were considered valid if it showed 

consistency between the written and the interview data. If the data was invalid, then data collection was 

repeated until the data was valid. 

 

RESULT AND DISCUSSION 

Each subject’s paper results and their transcript of think aloud were analyzed, described based 

on the framework in Table 1. The first subject, CML, used a more procedural method in solving the 

problem. CML realized that there was a lack of information in the problem, so she assumed that there 

were many correct answers. CML’s reasoning showed in Figure 1. 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

Figure 1. The Work Result of Subject-1 (CML) 

 

Time Description of think aloud Stages 

00:01 Silent and read the problem. lk-1 

00:05 “These question only have one point known, 

namely point K(2,3).” 

lk-1 

00:11 “Emm..it means a lot of solutions to this 

problem because the equation must go through a 

minimum of two points.” 

lk-2 

00:23 “My first step is to write a general form of 

quadratic equations 𝑦 –  𝑞 =  𝑎(𝑥 − 𝑝)2.” 

lk-2, lk-3 

00:32 “Earlier q was known to be 3 and p was 2, and 

a is unknown, so I am writting 𝑦 –  3 =
 𝑎(𝑥 − 2)2 ” 

lk-3 

01:05 “...then everything changed and moved to one 

segment, which resulted in 𝑦 = 𝑎𝑥2 − 4𝑎𝑥 +
4𝑎 + 3” 

lk-3 

 01:11 “Hemm....but a=...He... I’m confused” lk-4 
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Figure 1 stated that at the problem-representation stage (lk-1), CML’s verbal representation 

expressed that the problem known was point K (2,3), and the quadratic function found passed through 

that point K. CML stated that the equation of the quadratic function that passes through point K 

cannot be found because the quadratic equation must go through one point and is known to be the 

peak point. According to CML, there must be a minimum of two known points to form a quadratic 

function. At the developing-solution stage (lk-2), CML used an algebraic equation  𝑦 –  𝑞 =

 𝑎(𝑥 − 𝑝)2 to represent symbolically the quadratic function in the problem. Then she reverted to 

verbal representation by stating that, “Earlier q was known to be 3 and p was 2, and a was unknown, 

then everything changed and moved to one segment, which resulted in 

𝑦 = 𝑎𝑥2 − 4𝑎𝑥 + 4𝑎 + 3.” At the argumentation stage (lk-3), CML chose a correct solution by 

representing symbolically and verbally that the number of quadratic function at point K (2,3) is 

infinite. However, CML could not provide an argument for her decisions, the monitoring and 

evaluation stage (lk-4), she reflected and used a symbolic representation by writing a=? 

Similar to CML, the second subject, AZZ, also realized that there was a lack of information in 

the problem, thus supposing that there are many correct answers. AZZ chose a trial and error method 

by substituting points into predetermined equations. AZZ’s work showed in Figure 2. 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

Figure 2. The Work Result of Subject-2 (AZZ) 

 

Figure 2 shows that at the problem-representation stage (lk-1), AZZ represented symbolically 

the quadratic function in question as 𝑦 =  𝑎𝑥2  +  𝑏𝑥 +  𝑐, and then used another symbolical 

representation by writing ‘3 = ?’. AZZ’s verbal representation consisted of pointing the K point on the 

 

Time Description of think aloud Stages 

00:01 Silent and read the problem. lk-1 

00:15 “These question known, hemm...𝑦 =  𝑎𝑥2  +
 𝑏𝑥 +  𝑐 so 3 = ....” 

lk-1, lk-2 

00:21 “The first alternative solution is 𝑦 =  
1

2
𝑥2, 𝑥 

substituted with 2, then the result is 4; 4 divided 

by 2 is 2; because these result must be 3, 1 must 

be added, so this means 𝑦 =  
1

2
𝑥2 + 1. 

lk-2, lk-3, lk-

4 

00:23 “...and then the second alternative solution is 

𝑦 =  𝑥2 − 3𝑥. It means -3 (2) +22 = -6 + 4, 

which is -2; so for the answer to be 3, this means 

5 must be added 𝑦 =  𝑥2 − 3𝑥 + 5”. 

lk-2, lk-3, lk-

4 

 

Lk-1,lk-2 

lk-2,lk-3,lk-4 
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problem and declaring the y value to be 3 and x value to be 2. Next, at the developing-solution stage 

(lk-2), AZZ wrote 𝑦 =  
1

2
𝑥2 (symbolic representation) and then stated (verbal representation) that if 𝑥 

is substituted with 2, then the result is 4; 4 divided by 2 is 2; because these result must be 3, 1 must be 

added, so this means 𝑦 =  
1

2
𝑥2 + 1 (symbolic representation). AZZ carried out the justification (lk-3) 

and monitoring and evaluation (lk-4) stages simultaneously; for example, 𝑦 =  𝑥2 − 3𝑥 means -3 (2) 

+22 = -6 + 4, which is -2; so for the answer to be 3, this means 5 must be added y =  𝑥2 − 3𝑥 + 5. 

In the results above, CML (first subject)’s stages to solve the ill-structured problem can be described 

as follows: 1) The subject used verbal representation to identify the problem; 2) the subject used translation 

from verbal representation to symbolic representation to describe the data; 3) the subject used translation 

between symbolic representation and verbal representation to compute the answer; and 4) the subject failed 

to uncover the necessary information about the scale to justify her answers. 

AZZ (the second subject)’s solution stages to solve the ill-structured problem can be described 

as follows: 1) the subject used verbal representation to identify the problem, 2) the subject used 

translation from verbal representation to symbolic representation to describe the data, 3) the subject 

used symbolic representation to compute the answer, and 4) the subject used verbal representation to 

justify his answers. Both of subjects’ translation-of-representation processes are shown in Figure 3. 

 

 

 

 

 

 

 

 

 

 

Figure 3. The Schema both of Subjects’ Representation in Solving TPMI 

Solving ill-structured quadratic 

function problem  

Subject-1 CML Subject-2 AZZ 

Stage 1 (lk-1): problem representation 
Stage 2 (lk-2): developing solution 

Stage 3 (lk-3): making justification 

Stage 4 (lk-4): monitoring and evaluation 
VR: verbal representation  

VsR: visual representation 

SR: simbolic representation 
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The empirical data shows the mathematical representations created by the students when 

solving the ill-structured problem. They made their notations regarding concept understanding, but 

often had difficulty in transitioning their symbolic representations. There was a lack of understanding 

of symbol notations, which could be seen in CML’s confusion when monitoring and evaluating to 

develop the final solution, and in the fact that AZZ rarely made verbal representations in writing but 

used the morally to describe the analysis and evaluation, he made in developing the final solution. 

Without using many types of representations and tending to use verbal representations, AZZ was able 

to give two solutions. 

Based on the theoretical framework and results, we found that the two subjects had different 

methods of using mathematical representations to solve an ill-structured problem. It showed that the 

success of problem-solvers is based on their ability to build problem representations in a problem-

solving situation (Zhang, 1997). The process of selecting problem representations causes differently 

characteristics when solving ill-structured problems, which are verbal-symbolic and symbolic-verbal 

problem solvers.  These characteristics show that there is a strong relationship between success in 

solving ill-structured problems and translation of representation skills. The findings are by following 

Villegas et al. (2009), who states that there was a strong relationship between success in solving 

problems and skills in construction, use, and articulation of representation. 

Another finding from this research is that in addition to the diversity of representations, the 

accuracy of the translation process between types of representations also determines the success of 

problem-solving. Pape & Tchoshanov (2001) said that translation representation reducing the level of 

abstraction of a representation. It is in line with Bosse et al., (2014), Rahmawati et al., (2017) and 

Swastika et al., (2018) said that the accuracy in determining the representation of sources and targets, 

prior calling of knowledge, and the mapping process between source representation and target 

representation are important aspects in the translation process. 

 

CONCLUSION  

This research analysed about the process of mathematical-representation translation and 

identified mathematical representations by applying ill-structured-problem solving activities to 

problem-solving learning approaches for mathematics education students. The finding of the present 

research that students’ mathematical representation forms affect ill-structured-problem solving 

competencies. The schemas of mathematics education students’ representations in solving ill-

structured problems shows that they to tend to use verbal-symbolic and symbolic-verbal 

representations. Verbal and symbolic representations are used mathematics education students to 

calculate, detect, correct errors, and justify their answers, but visual representations are used 

mathematics education students to detect and correct errors. Furthermore, the studies will be carried 

out by increasing the number of subjects and extending the study period so that the pattern of 

translation of mathematical representation in solving ill-structured problems is obtained. 
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Abstract 

Intending to improve the teaching and learning of the notion of mathematical proof this study seeks to uncover the 

kinds of flaws in postgraduate mathematics education student teachers. Twenty-three student teachers responded to 

a proof task involving the concepts of transposition and multiplication of matrices. Analytic induction strategy that 

drew ideas from the literature on evaluating students’ proof understanding and Yang and Lin’s model of proof 

comprehension applied to informants’ written responses to detect the kinds of flaws in postgraduates’ proof 

attempts. The study revealed that the use of empirical verifications was dominant and in situations. Whereby 

participants attempted to argue using arbitrary mathematical objects, the cases considered did not represent the 

most general case. Flawed conceptualizations uncovered by this study can contribute to efforts directed towards 

fostering strong subject content command among school mathematics teachers. 

Keywords: mathematical proof, transpose and multiplication of matrices, flawed conceptualisations, levels of 

proof comprehension 

Abstrak 

Berniat untuk meningkatkan pengajaran dan pembelajaran gagasan bukti matematika penelitian ini berusaha 

untuk mengungkap jenis-jenis kelemahan dalam pendidikan pascasarjana guru matematika siswa. Dua puluh 

tiga guru siswa menanggapi tugas pembuktian yang melibatkan konsep transposisi dan penggandaan matriks. 

Strategi induksi analitik yang menarik ide-ide dari literatur tentang mengevaluasi pemahaman bukti siswa dan 

model pemahaman bukti Yang dan Lin diterapkan pada tanggapan tertulis informan untuk mendeteksi jenis 

kesalahan dalam upaya bukti pascasarjana. Studi ini mengungkapkan bahwa penggunaan verifikasi empiris 

dominan dan dalam situasi. Dimana peserta berusaha untuk berdebat menggunakan objek matematika yang 

arbitrer, kasus-kasus yang dipertimbangkan tidak mewakili kasus yang paling umum. Konseptualisasi yang 

cacat yang ditemukan oleh penelitian ini dapat berkontribusi pada upaya yang diarahkan untuk menumbuhkan 

perintah konten pelajaran yang kuat di antara guru matematika sekolah. 

Kata kunci: bukti matematis, transformasi dan perkalian matriks, konseptualisasi yang salah, tingkat 

pemahaman bukti 
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Over the past decades research on mathematical proof has gained increased attention and most research 

studies have revealed that student teachers have a fragile understanding of mathematical proof (Bieda, 

2010; Lesseig, 2016; Mejia-Ramos, & Inglis, 2009; Maya & Sumarmo, 2011; Noto, et al. 2019). 

However, a huge number of those studies were based on convincement issues. In other words, studies 

sought to determine how convincing a given argument would be to the participant (e.g., Bleiler, 

Thompson, & Kraj𝑐̌evski, 2014; Martin & Harel, 1989). Hence, there is scarcity of research that 

examines how students construct proofs of mathematical statements, particularly on students’ 

competencies in resolving proof tasks.  

Precisely, the argument is that little is known about students’ reasoning as they immerse 

themselves with proof tasks as instructional and assessment strategies have tended to promote 
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memorization and regurgitation of lecture notes (Ndemo, Zindi, & Mtetwa, 2017; Stylianou, Blanton, 

& Rotou, 2015). Hence, if we conceive proving as a problem solving process then arguments 

generated by students when they engage with proof tasks should illuminate the kinds of students’ 

thoughts about mathematical proof (Lee & Smith, 2009). I stark contrast, many school and university 

students and even teachers of mathematics have only a superficial grasp of the idea of a mathematical 

argument (Jahnke, 2007; Brown & Stillman, 2009; Saleh, et al. 2018). Yet prospective secondary 

mathematics teachers need to exit teacher preparation with a firm grasp of the concepts of the 

concepts of transposition and multiplication of matrices (Brown & Stillman, 2009).  

The notion of mathematical proof has persistently caused severe discomforts among teachers and 

learners at many scholastic levels. Hence, it is necessary that teachers engage in substantial learning of 

the concept of mathematical proof. Furthermore, mathematics education that encourages student 

teachers to engage in autonomous proof constructions is crucial for their learning in order to build their 

capacity to explain the concept in a persuasive manner to their future students (Jones, 1997).  

To bring the research problem in proper perspective the researcher refers to Harel, Selden and 

Selden’s (2006) comment about students’ struggles with the notion of mathematical proof. Harel, et 

al. (2006) wrote: 

 

We know where the students are, we know where the mathematicians are, but we just 

don’t know how to get mathematics students from where they are to where we want 

them to be (p. 148).  

 

Harel et al.’s quote points to an undesirable gap between students’ and experts’ understandings of 

mathematical proof. Hence, one of the primary goals of mathematics instruction at tertiary level is to promote 

among student teachers conceptions of mathematical proof held by expert mathematicians. Therefore, 

mathematics education instruction should aim to enhance expert conceptions of the concept of mathematical 

proof among student teachers. In this regard, the researcher was impelled to explore student teachers’ 

thinking as reflected in in-class mathematics problem solving tasks as student teachers engage with concepts 

deemed to be within their conceptual reach. The research problem is explained in the next section. 

 

Statement of the Problem 

In-service student teachers do not have a firm grasp and appreciation of the idea that proofs that 

explain can be more elucidating and help to foster justification. Doing proofs at school level and even at 

undergraduate level has been characterised by students and instructors resorting to rote memorisation and 

regurgitation of instructor notes. The researcher argues that if comprehension tests only ask students to 

regurgitate memorised facts then such students are likely to develop a superficial understanding of those 

mathematical facts (Mejia-Ramos, et al. 2012). Further, such students are likely to emphasise form over 

substance, that is, the ritual proof scheme becomes dominant (Harel & Sowder, 2007). Yet, teachers need a 

flexible and firm understanding of mathematics content they are supposed to teach (Shahrill, et al. 2018; 

Prahmana & Suwasti, 2014). The researcher reiterates that the notion of mathematical proof has been 
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reported to develop reasoning, that is, the ability to think rationally and logically among learners. However, 

the ability to reason can be impeded by flaws in students’ mental representations of the concept of 

mathematical proof (Garret, 2013).  

Promoting argumentation skills can illumine the kinds of flaws in students’ thoughts about the 

concepts of transposition and multiplication of matrices. It is in an argument that we likely to find the most 

significant way in which higher order thinking can manifest during mathematics learning (Jonassen & Kim, 

2010; Putri & Zulkardi, 2018; Ahmad, et al. 2018). The goal of the current study is to gain insights into the 

kinds of limitations in postgraduate students’ argumentation schemes__chunks of reasoning with respect to the 

notions of transpose and multiplication of matrices. Pertinent questions that therefore, come to mind in this 

respect are: how can we develop an understanding of the flaws in student teachers’ mental representations of 

the idea of proof? What is the nature of these limitations among in-service mathematics teachers?  

Generating answers to these questions can contribute to useful ideas for teacher education in 

Zimbabwe. While many studies on students’ discomforts with the concept of a mathematical proof have 

been carried out most of such studies have been based on arguments participants find convincing from 

those availed by researchers (e.g., Bleiler, et al. 2014; Matin & Harel, 1989). Therefore there is scarcity of 

empirical studies based on students’ own proof constructions, that is, their own actual voices which in turn 

could illuminate their thinking processes as they engage with proof and proving (Duval, 2006; Mejia-

Ramos & Inglis, 2009; Ndemo, Zindi, & Mtetwa, 2017; Mumu, et al. 2018). This study intends to respond 

to this dearth in studies grounded in students’ own proof constructions by addressing the research question, 

such as what kinds of flaws characterise postgraduate students’ conceptions of the concepts of 

transposition and multiplication of matrices? 

By addressing this question the study may provide mathematics teachers with a clearer picture of what 

is needed to help students to develop a good command of the concept of mathematical proof in order to teach 

it effectively to their future students. Furthermore, it was anticipated that evaluating postgraduate students’ 

understandings of the notions of transposition and multiplication of matrices could in turn inform teachers 

and mathematics educators of what specific aspects they understand and what aspects they do not understand.  

Furthermore, proof serves as a vehicle for discovering new mathematical ideas and if learners 

properly grasp the notion of proof then they learn from it (Mejia-Ramos, et al. 2012). Mathematical proof 

also serves the purpose of promoting reasoning skills (Weber & Mejia-Ramos, 2015), which in turn would 

contribute to the student’s cognitive development about the concept of mathematical proof. In this regard, 

the study aims to inject new ideas into the growing body of theoretical frameworks and methodologies for 

understanding mathematical concepts.  

  

Matrix Theory 

If 𝐴 is a 𝑚𝑥𝑛 matrix of a field 𝐾, of scalars then the transpose of matrix 𝐴 is the 𝑛𝑥𝑚 matrix 

whose rows are the columns of 𝐴 in same order (Goodaire, 2014). The transpose of matrix 𝐴 is 

denoted 𝐴𝑡 . Hence, if 𝐴 = (𝑎𝑖𝑗) then 𝐴𝑡 = (𝑎𝑗𝑖) (Lipschutz, 1991). In other words, if  
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𝐴 = (

𝑎11 𝑎12 … 𝑎1𝑛

𝑎21 𝑎22 … 𝑎2𝑛
…

𝑎𝑚1

…
𝑎𝑚2

…
…

…
𝑎𝑚𝑛

) then 𝐴𝑡 = (

𝑎11 𝑎21 … 𝑎𝑚1

𝑎12 𝑎22 … 𝑎𝑚2
…

𝑎1𝑛

…
𝑎2𝑛

…
…

…
𝑎𝑚𝑛

). 

 

First, we observe that the product 𝐴𝐵 of two matrices is somewhat complicated and hence there 

is need to describe prerequisite ideas for the definition of the product of matrices. The product 𝐴 ∙ 𝐵 of 

a row matrix 𝐴 = (𝑎𝑖) and a column matrix 𝐵 = (𝑏𝑖) is defined as:  

𝐴 ∙ 𝐵 = (

𝑎1

⋮
𝑎𝑛

) (
𝑏1

⋮
𝑏𝑛

) = 𝑎1𝑏1 + 𝑎2𝑏2 + ⋯ + 𝑎𝑛𝑏𝑛 = ∑ 𝑎𝑘𝑏𝑘
𝑛
𝑘=1 . Second, we observe that the row 

matrix 𝐴 and the column B should have the same number of elements for the product 𝐴 ∙ 𝐵 to be 

defined. Finally, the product 𝐴 ∙ 𝐵 is a scalar or a 1𝑥1 matrix (Lipschutz, 1991).  

The researcher now describes the definition of a product of two matrices. Suppose 𝐴 = (𝑎𝑖𝑗) 

and 𝐵 = (𝑏𝑖𝑗) are matrices over the field of scalars 𝐾, the product 𝐴𝐵 is defined if the number of 

columns of matrix 𝐴 is equal to the number of rows of matrix 𝐵. If the number of columns of matrix 𝐴 

is equal to the number of rows of 𝐵 we say the two matrices 𝐴 and 𝐵 are of compatible sizes 

(Goodaire, 2014). Thus, if matrices 𝐴 and 𝐵 are compatible say 𝐴 is an 𝑚𝑥𝑝 and 𝐵 is a 𝑝𝑥𝑛 matrix 

then the product 𝐴𝐵 is an 𝑚𝑥𝑛 matrix whose 𝑖𝑗-th entry is obtained by multiplying the 𝑖 −th row 𝐴𝑖 

of the matrix 𝐴 by the 𝑗 −th column, 𝐵𝑗 , of the matrix 𝐵. That is: 𝐴𝐵 =

 (

𝐴1 ∙ 𝐵1 𝐴1 ∙ 𝐵2 … 𝐴1 ∙ 𝐵𝑛

𝐴2 ∙ 𝐵1 𝐴2 ∙ 𝐵2 … 𝐴2 ∙ 𝐵𝑛

…
𝐴𝑚 ∙ 𝐵1

…
𝐴2 ∙ 𝐵2

…
…

…
𝐴𝑚 ∙ 𝐵𝑛

). Alternatively, we can write the product as: 

𝐴𝐵 =  (

𝑎11 𝑎12
… 𝑎1𝑝

𝑎21 𝑎22
… 𝑎2𝑝

…
𝑎𝑚1

…
𝑎𝑚2

…
…

…
𝑎𝑚𝑝

) (

𝑏11 𝑏12 … 𝑏1𝑛

𝑏21 𝑏22 … 𝑏2𝑛…
𝑎𝑝1

…
𝑎𝑝2

…
…

…
𝑎𝑝𝑛

) = (

𝑐11 𝑐12 … 𝑐1𝑛

𝑐21 𝑐22 … 𝑐2𝑛
…

𝑐𝑚1

…
𝑐𝑚2

…
…

…
𝑐𝑚𝑛

), where 𝑐𝑖𝑗 =

𝑎𝑖1𝑏1𝑗 + 𝑎𝑖2𝑏2𝑗 + ⋯ + 𝑎𝑖𝑝𝑏𝑝𝑗 for 𝑖 = 1, 2, … , 𝑚 and 𝑗 = 1, 2, … , 𝑛. The researcher emphasizes that if 

𝐴 and 𝐵 are not compatible then the product 𝐴𝐵 is not defined. So if 𝐴 is an 𝑚𝑥𝑝 matrix and 𝐵 is a 

𝑞𝑥𝑛 matrix then the product 𝐴𝐵 exists only if 𝑝 = 𝑞. This study sought to explore how postgraduate 

students could apply the notions of transpose and multiplication of matrices to determine whether the 

product 𝐴𝑡𝐴 exists. 

 

Yang and Lin’s (2008) Model 

The goal of the study was to uncover the sorts of flaws in postgraduate students’ proof 

attempts. To assess in-service teachers’ understandings of mathematical proof the researcher drew 

ideas from a model for assessing comprehension of mathematical proof by Yang and Lin (2008). 

Yang and Lin introduced what has come to be known as a model of reading comprehension of 
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geometric proof (RCGP). The model consists of four levels which represent increasing levels of 

cognition. Next, the researcher briefly describes these levels. 

First, there is the surface level of the RCGP model whereby a prover acquires basic knowledge 

regarding the meaning of the statements and symbols in the proof. For example, for the theorem: A 

real sequence converges to a real number L if given 𝜀 > 0, the interval (𝐿 −  𝜀, 𝐿 + 𝜀) contains all 

but infinitely terms of the sequence (𝑎𝑛), surface level understanding of this theorem can include the 

conception of 𝜀 as a small radius, an understanding of a finite set and the basic idea that a sequence is 

a mapping with domain the set of natural numbers, (ℵ) and range in real numbers, (ℝ). The second 

level has been called recognising elements. At this level a prover should be capable of identifying the 

logical status of statements that are explicitly or implicitly involved in the proof construction exercise. 

The researcher now uses the example given at the surface level that concerns a theorem on the 

characterisation of converging sequences in ℝ to describe proof understanding anticipated at this 

level. At this second level of Yang and Lin’s YCGP model, a prover should recognise that for every 

𝜀 > 0, there is a natural number, 𝑁(𝜀), dependent on 𝜀 such that if 𝑛 > 𝑁(𝜀) then |𝑎𝑛 − 𝐿| < 𝜀. A 

prover’s chunk of reasoning at the second level should show also awareness that the interval (𝐿 −

 𝜀, 𝐿 + 𝜀) contains infinitely many terms of the sequence (𝑎𝑛).  

At the third level there is what Yang and Lin refer to as chaining of elements. Central at this 

level is the fact a prover demonstrates his/her understanding of the way in which different statements 

are connected in the proof by identifying the logical relations between them (Mejia-Ramos et al., 

2012). Following up on the example given to illustrate the YCGP model, the researcher describes the 

logical relations between statements a prover should depict in his/her argumentation. A prover should 

make the connection that since 𝜀 > 0 then there is a natural number, 𝑁(𝜀), such that if 𝑛 > 𝑁(𝜀) then 

|𝑎𝑛 − 𝐿| < 𝜀 

⇒ −𝜀 < 𝑎𝑛 − 𝐿 < 𝜀 

⇒ 𝐿 −  𝜀 < 𝑎𝑛 < 𝐿 + 𝜀 

 ⇒ 𝑎𝑛𝜖 (𝐿 −  𝜀, 𝐿 + 𝜀) for 𝑛 > 𝑁(𝜀).  

Hence, a prover who would have attained the third level of Yang and Lin’s model of reading of 

comprehension of geometric proof (RCGP) should make a series of logical inferences illustrated. The 

third level of Yang and Lin’s model is similar to Azarello’s (2007) conceptualisation of proof as a 

sequence of inferences. Azarello (2007) in Mejia-Ramos and Weber (2014) view proof as a series of 

claims of the form 𝑃1 → 𝑃2 → 𝑃3 → ⋯ → 𝑃𝑛, where 𝑃𝑛 is the consequent statement or conclusion 

while, 𝑃1, 𝑃2, … , 𝑃𝑛−1 constitute the premises of the proof construction. In this conceptualisation of 

composing proofs the focus is on how each new inference is derived from the previous inference, for 

instance, how does claim 𝑃3 lead to claim 𝑃4 (Mejia-Ramos & Weber, 2014).  

Finally, Yang and Lin’s RCGP model has a fourth level called encapsulation whereby a prover 

is anticipated to interiorize a proof holistically and develop an appreciation and understanding of its 
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application in other contexts (Mejia-Ramos & Weber, 2014). The researcher illustrates the 

encapsulation phase using the example of real sequence already given. A prover at the fourth level of 

proof understanding can draw ideas from this theorem and use them together with ideas from the 

completeness property of ℝ to prove our first criterion for convergence that: A bounded monotone 

sequence converges. In their study, Yang and Lin focused on the first three levels of their model. The 

current study that involves postgraduate students seeks to explore those students’ understanding of 

ideas drawn from Elementary Linear Algebra of Matrices. The concepts had been covered during their 

studies at undergraduate level. Hence, the study seeks to explore elements of the encapsulation level 

of Yang and Lin’s model in postgraduates’ solution attempts to the task. 

 

Other Useful Ideas on Evaluating Students’ Understanding of Mathematical Proof 

Mejia-Ramos and Weber (2014) and Mamon-Downs and Downs (2013) concur that one way to 

evaluate whether a student understands a proof is by determining the student’s proof behaviour or 

problem solving behaviour. In addition to scrutinising one’s proof behaviour, Hanna and Barbeau 

(2008) suggest that a student’s proof construction competence can be ascertained by determining the 

extent to which the student applies pertinent ideas to the proof task or theorem in other situations. It 

can be, therefore, noted that Hanna and Barbeau‘s suggestion on how to evaluate proof understanding 

is similar to the encapsulation level of proof conceptualisation proposed by Yang and Lin (2008). 

Conradie and Frith (2000) stated that students often fail to grasp the meaning of terms when 

trying to comprehend a proof thereby hindering their ability to understand other aspects of the proof. 

To get a sense of students’ grasp of key terms to a theorem, Conradie and Frith (2000) suggest that a 

researcher can ask students to define the key terms or sentences. This technique of determining 

understanding features at the surface level of Yang and Lin’s (2008) model. Alternatively, students 

can be asked to identify examples that illustrate a given theorem or a term in a theorem. Generating 

examples that illustrate a theorem or ideas embedded in that theorem is similar to Yang and Lin’s 

second level of their RCGP model. Finally, a prover should develop a firm grasp of the logical 

relationships of the statement being proven and the major assumptions and conclusions of the proof. 

In other words, proof understanding involves grasping the proof framework (Selden & Selden, 2009).  

Morselli (2006) writes that generating examples has several benefits in proving. The benefits of 

generating examples to illustrate key concepts involved in constructing proof of a given theorem 

include illuminating the defining property of pertinent mathematical ideas to the proof being 

constructed, revealing logical connections in ideas embedded in the mathematical statement that can 

form the crux of the proof, and providing a pictorial representation of the mathematical ideas 

especially in proof situations where graphical instantiations can be found. However, despite these 

benefits, empirical verifications have a severe limitation that the statement can be true for particular 

examples a prover could have considered but can be false for just one instance not considered by the 

prover. This is so called notion of a counter example (Stylianides, 2011). Hence, empirical 
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explorations do not provide complete and conclusive evidence about the truth-value of a statement a 

prover may seek to establish.  

Finally, another useful idea in evaluating an individual’s ability to compose proof relates to the 

structure of a mathematical argument. A mathematical argument consists of a connected sequence of 

assertions in which the consequent statement is called the conclusion and the rest of which is called 

the premises (Curd, 1992). The premises provide valid reasons for inferring that the conclusion is 

true. Furthermore, a mathematical proof is said to be valid if it is deductive, contains no errors and 

provides complete and conclusive evidence about the truth-value of a mathematical statement (Weber 

& Mejia-Ramos, 2015). The ideas presented in this section were important in evaluating students’ 

responses to the task. For instance, arguments generated by mathematics education post graduate 

students were checked for logical consistency between premises and conclusions drawn. 

 

METHOD 

Research Design 

A cross-sectional survey research design with a qualitative bent was used in this study (Flick, 

2011). The intent of the study was to capture the in-service teachers’ state of knowledge structures 

about the notions of multiplication of matrices and transpose of a matrix. Further, the study sought to 

investigate mathematical connections built by the postgraduate students which would in turn allow 

them to determine whether the product 𝐴𝑡𝐴 was defined. Hence, the study was designed to get what 

Flick (2011) calls “a picture of the moment” (p. 67). Such picturing was based on the assumption that 

concepts examined were considered to be within the conceptual reach of the participants since they 

teach these at secondary school level and at teacher training colleges. 

 

Study Informants 

The study involved in-service mathematics education students who were studying towards a 

master degree in mathematics education. The cohort consisted of 23 members: 15 males and 8 

females. Of the 15 male participants, 4 were lecturers from primary teacher training colleges while the 

rest were high school mathematics teachers with more than 10 years teaching experience. One out of 8 

female in-service teachers was a lecturer at a primary teacher training college while the other 7 female 

student teachers were high school mathematics teachers with more than 8 years of teaching 

experience. Both college and high school mathematics curricula cover subject content on Elementary 

Linear Algebra of Matrices. Hence, the researcher had assumed on reasonable grounds that the 

concepts were within the conceptual reach of the participants.  

The postgraduate programme in mathematics education offered by the university that served as 

the study site is now described. The master degree programme has duration of 2 years during which 

the in-service teachers major in mathematics content and professional courses. Professional courses 

deal with 3 mathematics education modules and a module covering foundations in science education. 
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In addition professional studies also include Research Methods and Statistics module that is designed 

to prepare postgraduate students for research projects during the second and final year of their studies. 

There are 5 modules under the Professional component of the postgraduate programme just described. 

Mathematics content courses include: Metric Spaces and Topology, Functional Analysis and Non-

linear Differential Equations. Subject content courses drawn from the learning area of Statistics are: 

Multivariate Statistics, Survey Sampling Methods, and Operations Research. Mathematics content and 

Professional modules are covered during the first two semesters of year one.  

During the third and fourth semesters, that is, during year two, student teachers engage in 

research projects. The content of the postgraduate programme articulated here supports this 

researcher’s assumption that theory of matrix multiplication and the notion of transpose of a matrix 

were within students’ conceptual reach. The study involved all the 23 students who had enrolled for 

the master degree studies. Data collection took place during week 10 of semester 2 of year one and 

this period was deemed strategic for data collection because lectures had been completed and students 

were doing individual studies and hence pressure had eased.  

 

Research Instrument and Data Collection Procedure 

A proof task with an open instruction: If 𝐴 is a 𝑚𝑥𝑛 matrix, determine whether the product 𝐴𝑡𝐴 

is defined. Justify your answer, was posed. Although the task involved elementary concepts in 

Matrices, it was anticipated that the answer generated would not be a result of applying standard 

procedure involving a known mathematical result or a known theorem. In other words, an attempt was 

made to avoid assessing proven results in literature on Linear Algebra such as: (i) (𝑘𝐴)𝑡 = 𝑘𝐴𝑡  where 

𝑘 is a scalar (ii) (𝐴𝐵)𝑡 = 𝐵𝑡𝐴𝑡. 

The argument here is that assessing students’ competences at composing such proofs could 

possibly lead to regurgitation of proofs from textbooks and so would serve very little purpose with 

respect to the research goal of establishing the kinds of flaws in postgraduate mathematics education 

students’ conceptualisations of mathematical proof. Instead of reproducing memorised theorems such 

as those stated here, the postgraduate students were expected to tap from their knowledge of matrix 

multiplication and the notion of a transpose of a matrix to decide whether the product 𝐴𝑡𝐴 is defined. 

It was also considered that these are well known mathematical ideas for the postgraduates. Hence, 

students could face no difficult in establishing the connections between these ideas. Thus, the task was 

intended to measure students’ competence at autonomous proof writing.  

Following Dahlberg and Housman (1997) task-based interviews were used to gather data. To 

collect data a task sheet with space for writing the answer was provided. Students responded to the 

task individually in the mathematics lecture room. No time restrictions were imposed. The 

participants took about 15 minutes working on the task. All task sheets distributed were returned with 

some text scribbled on by the students. During data collection process, participants were encouraged 

to document their thinking as much as possible and request for extra answer sheets when necessary.  
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Data Analysis 

The data analysis procedure employed the analytic induction strategy (Punch, 2005). Analytic 

induction comprises a series of alternating inductive and deductive steps whereby data driven inductive 

codes are followed by deductive examination as described in the following steps. First, a marking guide 

was devised to evaluate postgraduate students’ proof efforts. Second, the researcher then performed 

content analysis (Berg, 2009) of the students’ written efforts. Content analysis was facilitated by a 

refinement of a classification originally developed by Stylianides and Stylianides (2009). The 

refinement was driven by the desire not only to identify correct proofs but to also explicate the different 

thinking styles displayed by the postgraduate student teachers. Following Stylianides and Stylianides’ 

(2009) classification as well as a scrutiny of the students’ written efforts, a data matrix with the 

following format was then constructed. Column 1 entries consist of categories identified from students’ 

written responses, in column 2 each category is described, column 3 entries are frequencies of the 

categories. Steps 1 and 2 so far described led to a data matrix. The creation of the data matrix constituted 

the induction analysis part of the analytic induction strategy employed in this study. 

Finally, the emerging categories from content analysis of postgraduates’ proof attempts were 

mapped to levels of proof understanding in Yang and Lin’s (2008) model and other ideas about proof 

understanding explained in Section 2.3 of this paper in order to ascertain postgraduate students’ level of 

grasp of the concept of mathematical proof. The mapping of results of inductive content analysis 

constituted the deductive analysis part of the analytic induction strategy. Furthermore, in-vivo codes 

(Corbin & Strauss, 2008; Varghese, 2009) were used to support inferences made about postgraduate 

students’ proof construction competences.  

 

Ethical Considerations 

Flick (2011) suggests that research should involve participants who have been informed about the aim of 

the study and that participation should be voluntary. Hence, with regards to informed consent the researcher 

explained to the postgraduate mathematics education students why research into the nature of students’ flawed 

conceptualisations of mathematical proof was necessary as it could promote conceptual teaching of the 

mathematical ideas. The students were asked to complete informed consent forms. Further, the researcher 

emphasised that consent was to be given voluntarily (Flick, 2011).  

Another ethical concern was about anonymization of data. Anonymizing data involved removing any 

identifiers from the students’ responses (Punch, 2005). Furthermore, during research reporting pseudonyms 

were used to describe postgraduates’ flaws in their conceptualisations of mathematical proof.  

 

RESULT AND DISCUSSION 

Inductive content analysis of postgraduate students’ written responses revealed the categories 

summarised in Table 1.  
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Table 1. Emerging categories from content analysis of postgraduate students’ proving attempts (𝑛 = 23) 

Category Description Frequency 

C1 Correct proof 4 

C2 Empirical argument used 8 

C3 Argument adduced does not represent the most general case 10 

C4 Consequent statement missing or wrongly formulated 7 

C5 Argument has algebraic slips 1 

 Total  30 

 

Table 1 shows that the dominant scheme of argumentation was one in which student teachers 

produced justifications that failed to offer complete and conclusive evidence about the fact that the product 

𝐴𝑡𝐴 is defined for any matrix 𝐴 = (𝑎𝑖𝑗) over a field of scalars 𝐾. From the same Table 1 it can be seen 

that postgraduate students’ efforts were also dominated by use of specific examples, denoted by C2 with 8 

out of 30 responses and a very significant number of responses (7 out of 30) were in the category in which 

the conclusion did not follow logically from the premises__ represented by code C4. Finally, the same 

Table 1 illustrates that very few (4 out of 30) student teachers managed to justify the existence of the 

product 𝐴𝑡𝐴 __ a worrisome result at postgraduate level, more so in light of the fact that elementary 

concepts of transpose and multiplication of matrices were explored. Presented next is a discussion of 

thinking styles displayed in each category summarised in Table 1 for the purpose of illuminating flaws 

detected in postgraduate mathematics education student teacher informants. 

C1: Correct proof constructed 

 

Figure 1: Trevor’s written response to the task on multiplication of matrices 

 

Figure 1 illustrates that Trevor could state the order of the transpose matrix 𝐴𝑡 correctly as 𝑛𝑥𝑚. 

Trevor then tested for compatibility of the two matrices by determining whether the number of columns of 

𝐴𝑡 was equal to the number of rows of matrix 𝐴 and then reached the conclusion that the product 𝐴𝑡𝐴 is 

defined. Hence, Trevor’s written response shows that he had a firm of grasp of the concepts of 

transposition and multiplication of matrices. Further, there was proper chaining of these knowledge 

elements which then led to the valid conclusion that the product 𝐴𝑡𝐴 exists (Yang & Lin, 2008). 

C2: Empirical arguments used  

Typical examples in this category were produced by Munya and Tauya. Munya and Tauya’s 

efforts are shown in Figures 2 and 3 respectively. 
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Figure 2. Munya’ written response to the task 
 

Figure 2 illustrates that Munya chose a specific example of a 2 −square matrix A and 

proceeded to write the transpose of matrix 𝐴 correctly. The product 𝐴𝑡𝐴 is then equated to 𝑚𝑥𝑛, 

presumptively referring to the order. Munya went on to write 𝐴𝑡𝐴 = 𝐴𝐴𝑡 , which is a false assertion 

because a matrix 𝐴 and its transpose are not commutative over the binary operation multiplication 

over the field 𝐾. It is a serious flaw in reasoning displayed by Munya. Further, Munya represented the 

order of the product 𝐴𝑡𝐴 to be 𝑚𝑥𝑛 and the order of 𝐴𝐴𝑡 was written also as 𝑚𝑥𝑛. It was yet another 

flawed reasoning as Munya could not identify that the operation of transposing entails interchanging 

the rows and columns of a matrix.  

Finally, Munya concluded that the “product matrix is of the same order.” This is a flawed 

argument because for 𝑚 by 𝑛 matrix 𝐴 the product 𝐴𝑡𝐴 is a 𝑛 −square matrix while the product 𝐴𝐴𝑡 

is a 𝑚 −square matrix. The discussion of Munya’s proof effort reveals that he had not even attained 

the second level of Yang and Lin’s (2008) model of comprehension of geometric proof. Munya was 

operating at surface level of Yang and Lin’s model as he could state the transpose of the 2 −square 

matrix he had written. Furthermore, Munya concluded on the basis of the specific example of the 

2 −square matrix that “𝐴𝐴𝑡 is defined because it a square matrix order m.” The claim shows that 

Munya had not grasped the fundamental limitation that empirical verifications cannot be elevated to 

the status of a proof (Ndemo, Zindi, & Mtetwa, 2017; Stylianides, 2011). In other words, Munya 

exhibited a weak command of the notion of counter-argumentation in mathematics. 

 

Figure 3. Tauya’s written response to the task 

From Tauya’s solution attempt the word number was used to refer to a matrix when he wrote 

“when we multiply a number by its transpose we get another matrix.” This claim by Tauya reveals 
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lack of precision in the manner he used the word number which he used interchangeably with the 

word matrix. Further, Tauya’s effort also reveals lack of deep grasp of the basic limitation that 

specific examples cannot be used to represent general matrix multiplication. In other words, although 

matrix multiplication held in the single instantiation considered, the specific example picked by Tauya 

should not be regarded as a proof. In terms of Yang and Lin’s (2008) model of geometric proof 

comprehension, Tauya’s effort reveals that he had not interiorised matrix multiplication. According to 

Stylianides and Stylianides (2009) an argument is deemed to be valid if it is deductive and the 

premises logically imply the consequent statement. A true deductive argument once constructed offers 

complete and conclusive evidence about the truth of a mathematical statement. Hence, it becomes 

superfluous to look for further evidence about the truth-value of the mathematical statement (Weber 

& Mejia-Ramos, 2014). It can, therefore be, inferred from Tauya’s use of a single example to resolve 

the proof task that he lacked a good grasp of these fundamental ideas about proving and proof in the 

area of Elementary Algebra. 

C3: Argument produced does not represent the most general case 

Table 1 shows that this category that emerged from inductive content analysis of students’ was 

the most dominant among mathematics education postgraduates with 10 out of 30 responses. Next, 

the researcher now presents typical students’ responses in this category and discusses these results 

within the perspective of Yang and Lin’s model and other ideas about students’ conceptions of 

mathematical proof. First Ticha’s response is considered. 

 

Figure 4. Ticha’s written attempt to the task 

 

Figure 3 shows that whilst Ticha produced his argument in terms of arbitrary mathematical 

objects by using the column matrix 𝐴 = (
𝑎
𝑏

) whose transpose was correctly written as 𝐴𝑡 = (𝑎 𝑏), 

the argument cannot be considered to represent the general 𝑚𝑥𝑛 matrix 𝐴. Similarly, a row matrix 

𝐴 = (𝑎 𝑏) whose transpose 𝐴𝑡 =  (
𝑎
𝑏

) was also considered and the product 𝐴𝑡A=(𝑎2 𝑎𝑏
𝑎𝑏 𝑏2) was 

then determined.  

Hence, although in both cases Ticha’s efforts involved manipulating arbitrary mathematical 

objects, the two cases cannot be deemed to represent the most general case of the product 𝐴𝐵 of two 

matrices 𝐴 and 𝐵 since Ticha’s arguments involved column and row matrices. However, there was 
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proper chaining of the elements (Azarello, 2007; Mejia-Ramos et al., 2012) as Ticha could carry out 

matrix multiplication correctly that led to the conclusion that “𝐴𝑡A is defined if 𝐴 is 𝑚𝑥𝑛 matrix.” It 

can be argued that traces of the encapsulation phase of proof comprehension were missing because 

Ticha could not conceive matrix multiplication in terms of the broader and more general case. 

Another example in this category by Mutaka is now presented and discussed.  

 

Figure 5. Mutaka’s written effort to resolve the task 

 

First, Mutaka considered the special case of a 2 −square matrix 𝐴 = (
𝑎 𝑏
𝑐 𝑑

) and wrote the 

transpose of the matrix 𝐴 correctly as 𝐴𝑡 = (
𝑎 𝑐
𝑏 𝑑

). Mutaka’s argument up to this stage indicated that 

the surface level of Yang and Lin’s (2008) model of proof comprehension had been attained as shown 

by correct use of the definition of the idea of a transpose. However, chaining of the elements of 𝐴𝑡 

and 𝐴 was not evident because after transposing the matrix 𝐴, Mutaka just wrote the conclusion that 

“then 𝐴𝑡𝐴 is defined.” Second, Mutaka considered another special case of a 2𝑥3 matrix 𝐴 with 

arbitrary entries and as before he managed to interchange rows and columns of 𝐴 to get the transpose 

𝐴𝑡 . Similar to his proof behaviour in the first example discussed, there was no chaining of elements 

observed here that led to the conclusion stated as “Hence in any order 𝐴𝑡𝐴 is defined.” In a similar 

fashion to Ticha’s example the 2 −square and 2𝑥3 matrices used by Mutaka to support his conclusion 

that the product 𝐴𝑡𝐴 is defined for any 𝑚𝑥𝑛 matrix 𝐴 over a field of scalars 𝐾 cannot be considered to 

be representative of the most general case of matrix multiplication. Hence, the encapsulation level 

(Yang & Lin, 2008) was not reached by Mutaka and Ticha. Next, the researcher focuses on 

informants’ written responses in which the conclusion was either missing or wrongly formulated. 

C4: Consequent statement missing or wrongly formulated  

 

Figure 6. Mushai’s written response to the task on matrices 

 

Figure 6 shows that the categories formed from the analytic induction of data were not mutually 

exclusive because similar to efforts by Munya and Tauya, Mushai also used specific examples to 
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validate the statement that 𝐴𝑡𝐴 is defined. In addition to employing empirical verifications Mushai’s 

arguments also revealed the following limitation. Mushai did not recognise that matrix multiplication 

is not commutative as he referred to 𝐴𝑡 as a 𝑚𝑥𝑛 matrix yet matrix 𝐴 has been given as a 𝑚𝑥𝑛 matrix. 

Furthermore, he identified 𝐴 as 𝑛𝑥𝑚 in stark contrast to the assertion that 𝐴 was given as a 𝑚𝑥𝑛 

matrix. This chaotic proof behaviour led to the conclusion that 𝐴𝑡𝐴 is “a 𝑚𝑥𝑚 matrix,” instead of an 

𝑛 −square matrix. Hence, whilst Mushai later on chained the elements correctly his failure earlier on 

to correctly identify the order of the matrix 𝐴 led to the wrong conclusion. Another example in this 

category is now examined.  

 

Figure 7. Maunja’ written response to task on matrix multiplication 

 

The product 𝐴𝑡𝐴 denotes that the matrix 𝐴 is post-multiplying the transpose matrix 𝐴𝑡 . Hence, 

for compatibility of the multiplication operation the number of columns of 𝐴𝑡 should be equal to the 

number of rows of 𝐴. Figure 7 illustrates that Maunja’s argument contradicts to the assertion just 

stated concerning matrix multiplication. He wrote that “𝐴𝑡𝐴 will be defined … the no of columns in 

matrix 𝐴 will always be equal to the no of rows in the 2𝑛𝑑  matrix.” The second matrix mentioned by 

Maunja presumptively referred to the post-multiplying matrix which in this case should be the matrix 

𝐴. Maunja’s conclusion is a typical example of many such conclusions (7 out 30) drawn by 

postgraduate students that did not logically follow from the premises. Finally, the researcher focuses 

on a typical example of a flawed argument caused by an algebraic slip made by Mujuru. 

C5: Argument has algebraic slips 

 

Figure 8. Mujuru’s proof attempt to the task on matrices 

 

Figure 8 shows that Mujuru started very well as she was able to write the transpose matrix 𝐴𝑡 

correctly as 𝑛𝑥𝑚 matrix. However, her woes with the proof task manifested at the chaining stage 

(Yang & Lin, 2008) whereby her representation of matrix 𝐴𝑡 as 𝑚𝑥𝑛 led to the assertion that “𝐴𝑡𝐴 =

𝑚𝑥𝑛 𝑋 𝑚𝑥𝑛. " This statement made it impossible for her to determine the product 𝐴𝑡𝐴 and led to the 
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conclusion that “𝐴𝑡𝐴 is not defined.” It can be observed also from the assertion “𝐴𝑡𝐴 =

𝑚𝑥𝑛 𝑋 𝑚𝑥𝑛, " that the two matrices 𝐴𝑡 and 𝐴 have the same order, which is a false assertion. Hence, 

the wrong conclusion drawn can be attributed to the algebraic slip made by Mujuru. 

 

CONCLUSION 

Postgraduate had not grasped the fundamental limitation that empirical verifications do not 

count as proofs. A case in point was the use of a single instantiation by Tanya. Furthermore, students 

produced arguments which were not typical of the most general. Although student teachers’ efforts to 

justify that the product is defined were terms of arbitrary mathematical objects, those objects did not 

represent the most general case. For instance, a column matrix 𝐴 = (
𝑎
𝑏

) was used to prove that the 

product 𝐴𝑡𝐴 exists. The cases used by postgraduate were not representative of the general matrix 

multiplication discussed in Section on multiplication of matrices. However, the use arbitrary objects 

was a huge step forward in current efforts to promote deductive argumentation among students in 

mathematics education. Lastly, postgraduate students’ written responses revealed that the premises 

and the conclusion drawn were not logically connected. Further, in other cases the definition of the 

transpose of a matrix was not properly grasped as shown by proof behaviour such as referring to 𝐴𝑡 as 

a 𝑚𝑥𝑛 matrix when the matrix was stated as a 𝑚𝑥𝑛 matrix. In addition, in some cases for the product, 

𝐴𝑡𝐴, the students focused on the number of columns of the matrix 𝐴 instead of the number of rows 

since 𝐴 was the post-multiplying matrix.  

As concluding remarks, the researcher emphasizes that postgraduate students‟ flawed 

conceptions uncovered by this study have important implications for teacher preparation in 

Zimbabwe. Subject content mastery by students was fragile and hence the need for continuing 

professional development of in-service mathematics on subject content knowledge. The need to 

promote good grasp of concepts of Linear Algebra implies that mathematics educators and researchers 

need to find ways of ameliorating flawed conceptions of the concept of a mathematical proof. 

Furthermore, teacher preparation needs to include content and instructional strategies that foster and 

enhance prospective secondary mathematics teachers’ explanatory role. Such content and strategies 

should also develop an appreciation of the function of a mathematical proof in justifying why a given 

mathematical assertion is true or false.  
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Abstract 

The rural area's student difficulties in learning the concept of number operation had been documented by 

several studies, especially for the case of multiplication. The teacher typically introduces the multiplication 

concepts using the formula without involving the concept itself. Furthermore, this study aims to design 

learning trajectory on multiplication operations in the Mathematics of GASING (Math GASING) by focusing 

more on the concept itself than the formula and by starting from the informal to a formal level of teaching. 

Design research used as the research method to solve this problem consisting of three phases, namely 

preliminary design, teaching experiment, and retrospective analysis. The research results show that the Math 

GASING has a real contribution for students to understanding and mastering in the concept of the 

multiplication operations. This research also explains the strategy and the model discovered by students in 

learning multiplication that the students used as a basic concept of multiplication. Finally, the students were 

able to understand the concept of multiplication more easily, and they showed interest in using this learning 

trajectory. 

Keywords: multiplication, learning trajectory, design research, rural area 

Abstrak 

Kesulitan siswa di daerah pedesaan dalam mempelajari konsep operasi angka telah didokumentasikan oleh 

beberapa studi, terutama untuk kasus perkalian. Guru selalu memperkenalkan konsep perkalian menggunakan 

rumus tanpa melibatkan konsep itu sendiri. Selanjutnya, penelitian ini bertujuan untuk merancang lintasan 

pembelajaran pada operasi multiplikasi dalam Matematika GASING (Matematika GASING) lebih fokus pada 

konsep itu sendiri daripada rumus dan mulai dari tingkat informal ke formal. Desain penelitian digunakan 

sebagai metode penelitian untuk menyelesaikan masalah ini yang terdiri dari tiga fase yaitu desain 

pendahuluan, eksperimen mengajar, dan analisis retrospektif. Hasil penelitian menunjukkan bahwa GASING 

Matematika memiliki kontribusi nyata bagi siswa untuk memahami dan menguasai dalam konsep operasi 

multiplikasi. Penelitian ini juga menjelaskan strategi dan model yang ditemukan oleh siswa dalam mempelajari 

perkalian yang digunakan siswa untuk membantu pemahaman awal mereka tentang konsep perkalian. 

Akhirnya, siswa dapat memahami konsep perkalian dengan lebih mudah dan menyenangkan dengan 

menggunakan lintasan pembelajaran ini. 

Kata kunci: perkalian, lintasan belajar, design research, daerah pedesaan 

How to Cite: Hendriana, H., Prahmana, R.C.I., & Hidayat, W. (2019). The Innovation of Learning Trajectory on 

Multiplication Operations for Rural Area Students in Indonesia. Journal on Mathematics Education, 10(3), 397-

408. https://doi.org/10.22342/jme.10.3.9257.397-408. 

 

Learning number operations is important for almost all topics in Mathematics involving numbers 

(Ahmad, 2010; Freudenthal, 1973; NCTM, 2000; Prahmana, et al. 2012). It is because learning 

number operations involves an understanding of symbols, notation, and reference number (or other 

forms to represent) (NCTM, 2000), and it also plays an important role in determining students’ 

performance in other related Mathematics topics (Ahmad, 2010). Therefore, learning number 

operations would be one of the prior knowledge that students must have to learn other topics in 
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mathematics. 

The concept of number operations, especially in multiplication, is one of the students’ 

difficulties in understanding mathematics concepts (Ahmad, 2010; bin Syed Ismail, 2010; Drews, et 

al. 2005; Kilian, et al. 1980; Tanujaya, et al. 2017; Unlu & Ertekin, 2012). Teachers usually teach 

multiplication operations using symbolic form or something abstract (Unlu & Ertekin, 2012). As a 

result, students learn multiplication operations more on the process of memorizing than understanding 

it (bin Syed Ismail, 2010). They also have several errors which reflected their lack of understanding of 

various mathematical concepts and also the long multiplication algorithm (Ahmad, 2010). On the 

other hands, they also have a poor understanding of the place value (tens and ones) concept 

concerning multiplication (Drews, et al. 2005; Kilian, et al. 1980).  

The result of the previous research explored about number operations is in line with the 

preliminary classroom observation results of the rural area's students came from, namely Serui, 

Ambon, and Sorong Selatan. Teachers introduced the concept of division using the formula without 

involving the concept itself (Prahmana & Suwasti, 2014). Therefore, this research focuses on 

multiplication operation as one of the concept of number operation that students must be mastered to 

support their knowledge in learning another mathematics subject.   

Several studies indicated that constructivism approach could improve students' understanding 

of learning multiplication (Ahmad, 2010; Prahmana, et al. 2012; Chang, et al. 2008; Chung, 2004). 

The mathematics of GASING (Math GASING) method is one of learning method using 

constructivism approach (Prahmana & Suwasti, 2014; Prahmana, 2015; Surya & Moss, 2012; Shanty 

& Wijaya, 2012; Prahmana, 2013). This method has been applied to students from rural areas in 

Indonesia starting from the introduction of integer number and number operations (Prahmana & 

Suwasti, 2014; Surya & Moss, 2012; Shanty & Wijaya, 2012; Prahmana, 2013). This situation 

underlies the researchers of this present study to try designing learning trajectory on number 

operations especially for multiplication operation in Math GASING for rural area students derived 

from Serui, Sorong Selatan, and Ambon, Indonesia. Therefore, the focus of this study is to describe 

the learning activities on students’ performance to do multiplication in Math GASING. It is also 

because several researcher stated that Math GASING is the suitable method to use in teaching 

mathematics, especially number operation, more easy, fun, and meaningful.  

Finally, the research question of this study is how the learning trajectory of multiplication in 

Math GASING is evolved the rural area's students’ understanding in multiplication from informal to a 

formal level. Hopefully, the learning trajectory has a role in learning multiplication that makes the 

learning more easy, joyful, and meaningful for the students.  

In this research, the literature on Math GASING and number operations are studied as basic 

knowledge to design sequential activities that will be passed by students ranging from concrete 

situations to abstract levels. All literature will be explained further in the next section. 
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Number Operations 

Integer operations that we know are addition, subtraction, multiplication, and division, where 

the four operations have any connection with each other (Reys, et al. 1998). The following four 

relations operation that has a relationship with each other, and students must understand the 

relationships. Addition and subtraction are inverse operations. There are several ways to teach the 

concept of integer operations in the learning of mathematics. One of the ways to teach them is Math 

GASING, such as: 

1. Multiplication and division are inverse operations  

4 x 6 = 24  -------------------  24 : 4 = 6 

2. Multiplication can be seen as a repeated addition  

4 x 6    -------------------  6 + 6 + 6 + 6 

3. Division can be seen as a repeated subtraction  

24 : 6    -------------------  24 - 6 - 6 - 6 - 6 

 

Mathematics GASING 

Surya and Moss (2012) stated that GASING has several basic premises. Firstly, there is no such 

thing as a child that cannot learn mathematics, only children that have not had the opportunity to learn 

mathematics in a fun and meaningful way. Secondly, mathematics is based on patterns, and these 

patterns make math understandable. Thirdly, a visual context to mathematical concepts should come 

before the symbolic notation. Lastly, mathematics is not memorization, but knowing basic facts 

comes easily with a conceptual and visual understanding. Memorization of basic math facts is easy if 

it is based on conceptual learning and visual representations. 

The learning process makes students’ learning easy (GAmpang), fun (ASyIk), and enjoyable 

(menyenaNGkan) in Math GASING (Shanty & Wijaya, 2012). Easy means the students are 

introduced to mathematical logic that is easy to learn and to remember — exciting means the students 

have motivation which comes from by them to learn mathematics (intrinsic factor). Fun is more in the 

direction of outside influences such as visual aids and games (extrinsic factor). On the other hand, 

Prahmana (2013) stated that Math GASING shows how to change a concrete sample into an abstract 

symbol so the students will be able to read a mathematical pattern, thus gain the conclusion by 

themselves. 

Math GASING, as one of the innovations in learning mathematics, offers critical point in its 

learning process. The critical point of GASING means the condition that students must pass during 

the learning process and studying a topic in Math GASING. After reaching this critical point, students 

will not be difficult anymore to work on the problems in that topic (Surya & Moss, 2012). The critical 

point in learning multiplication is that students must master the multiplication concept of 1 × 1 to 10 × 

10. Students could learn various problems of multiplication operations more easily after passing a 

critical point. 
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This research uses Math GASING to describe the learning outcomes of rural area’s student in 

learning multiplication as a repeated addition and see student responses. Researchers conducted 

research on rural area’s students because students have experience difficulties in multiplication 

operations based on the pre-evaluation results. In addition, students are less focused, less accurate in 

counting, and easy to forget. Therefore, this study could be solved the students’ mathematical problem 

by using Math GASING. 

 

Hypothetical Learning Trajectory 

Hypothetical Learning Trajectory (HLT) is proposed as a term to identify and describe relevant 

aspects associated with a mathematics lesson plan, including: A description of the students’ 

mathematical goals, the mathematical activities (including the tasks or problems, that students will 

work on to achieve the goals), and a hypothetical path that describes the students learning process 

(Revina, et al. 2011). Furthermore, Prahmana (2017) stated that HLT is a hypothesis or prediction of 

how students' thinking and understanding develop in a learning activity. The HLT in this study had 

several learning goals expected to be reached by the students during one phase. 

 

METHOD 

Design research is used as the research method of this study. Design research consists of five 

characteristics, such as interventionist nature, process-oriented, reflective component, cyclic character, 

and theory-oriented (Akker, et al. 2006; Gravemeijer, 2004; Prahmana, 2017). There are two 

important aspects related to design research namely Hypothetical Learning Trajectory (HLT) and 

Local Instruction Theory (LIT). The learning activities as learning trajectory taken by students in their 

learning activities must have HLT and LIT.  

The HLT consists of three components (Gravemeijer, 2004). The first component is the purpose 

of mathematics teaching for the students. Secondly, it is the sequence activity that students must do 

during the learning process. Lastly, the conjecture is the various answers, strategies, and models that 

researcher expected from student understanding that emerge and develop when learning activities are 

carried out in class. Furthermore, there are three phases of design research, such as preliminary 

design, teaching experiment, and retrospective analysis that can be seen in Figure 1.  

The research data came from various data sources. All data sources used aim is to get a 

visualization of mastery of the basic concepts of student multiplication operations. There are 

documentation (photos), video, student worksheets, and observation sheets. Furthermore, the data 

were analyzed retrospectively with HLT as a guide. This research was conducted and completed in 2 

days. The research subjects are 11 matriculation teacher candidates at one of the College of Teacher 

Training and Education in Tangerang. All research subjects came from rural areas in Indonesia, such 

as Yapen, Ambon, South Sorong, Serui, and also a teacher model. 

 



Hendriana, Prahmana, & Hidayat, The Innovation of Learning Trajectory on Multiplication Operations …           401 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

Figure 1. The phase of the design research (Prahmana, et al. 2012). 

 

RESULTS AND DISCUSSIONS 

The learning activities start from making the same perceptions of the meaning of boxes containing 

something in that boxes to introduce the concept of multiplication. Furthermore, the students were trained to 

memorize the multiplication for 1 to 10 using several methods. Lastly, the teacher provides an evaluation to 

study students' understanding of multiplication by using mental arithmetic activities namely mencongak as 

one of the evaluation processes in these learning activities and exercises using student worksheet and also 

evaluation sheets. The results show that students master the multiplication operations based on the final 

evaluation results. On the other hands, the important results is student would like to leave the old way in 

learning mathematics and change to the Math GASING way. Furthermore, another results indicate that the 

design of multiplication learning operations in Math GASING has a crucial role as a starting point and 

increases student motivation in learning. The details would be discussed in the further section. 

 

Preliminary Design  

The researchers start to do literature review, conduct observation, and design the learning 

trajectory as a sequence of instructional learning for the learning of multiplication to reach the goals 

formulated in Table 1 (adapted from Surya (2011)). The activities are designed by HLT consisting of 

six activities for two meetings through several easy, fun, and enjoyable activities. Students should be 

interested and engaged during the learning process. The last activity is evaluation process by using 

student worksheet and also evaluation sheet to measure the understanding of student in learning 

multiplication. 
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Table 1. Overview of the learning trajectory of multiplication (adapted from Surya (2011). 

Sequence of 

activities 
Goals Descriptions 

Playing some games 

using Math 

GASING learning 

aids 

Understanding the 

multiplication concept 

Students learn multiplication starting from 

understanding the basic concept of addition 

using the term of "box," for example 2 × 3 

means 2 boxes are containing three things in that 

box, and so on. 

Using some method 

to memorize this part 

easier 

Memorizing the 

multiplication of 

numbers 1, 10, 9, 2 

and 5 

Students learn multiplication for 1, 10, 9, 2 and 5 

in various ways, so that students can master in 

the multiplication part, for example using finger 

method, sing a number song, pattern of 

multiplication numbers, and so on.  

Using the patterns of 

two same numbers 

multiplication 

Memorizing the 

multiplication of two 

same numbers, such as 

1 × 1,2 × 2,…,10 × 10 

Students learn about the same numbers of 

multiplication, such as 1 × 1, 2 × 2, 3 × 3, ... , 

10x10.  

Using multiplication 

characteristics as a 

commutative 

operation 

Memorizing the 

multiplication of 

numbers 3 and 4 

Students learn multiplication for 3 and 4 using a 

commutative operation. 

Reducing some part 

in multiplication that 

already mastered 

Memorizing the 

multiplication of 

numbers 8, 7 and 6 

Students learn multiplication for 8, 7, and 6. The 

teacher teaches student by using reduce some 

part in multiplication that already mastered 

before. 

Evaluation Determining the 

student ability in 

learning multiplication 

Teacher evaluates the student about the 

multiplication problem in the formal and 

informal form.  

 

Teaching Experiment  

Teaching experiment phase consists of several activities that already design in the preliminary 

stage. In these phases, researchers implement the learning activities using HLT as a teacher guide for 

the teacher model. The various educational games provided are to make teaching and learning 

activities more fun and enjoyable for students. This activity is one of the characteristics of learning 

Math GASING.  

The five activities conduct using whiteboard and presentation. First, teacher introduced the 

concept of multiplication by playing some games using Math GASING learning aids. In that games, 

students learn the concept of multiplication starting from understanding the basic concept of addition 

using the term of "box," for example 2 × 3 means 2 boxes are containing three things in that box, and 

so on. Secondly, students learn multiplication for 1, 10, 9, 2 and 5 in various ways, so that students 

can master in the multiplication part, for example using finger method, sing a number song, pattern of 

multiplication numbers, and so on. Different from the memorizing process of multiplication order in 

mathematics in general, students memorize the multiplication start from 1, 10, 9, 2 and 5.  
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Furthermore, students learn about the same numbers of multiplication, such as 1 × 1, 2 × 2, 3 × 

3, ... , 10x10. Fourthly, students learn multiplication for 3 and 4 using a commutative operation. 

Lastly, students learn multiplication for 8, 7, and 6. For this step, teacher teaches student by using 

reduce some part in multiplication that already mastered before. So, the students can memorize all 

multiplication concept from one to ten more easily. In the second meeting, teacher evaluates the 

student about multiplication problem in the formal and informal form. All activities can be shown in 

Figure 2. 

 

 

 

 

 

 

 

 

 

 

 

 

Figure 2. Several activities in teaching experiment phase. 

Retrospective Analysis 

There are some differences between the multiplication process in Math GASING and the 

multiplication process in general. These differences are the answer for the research question in this 

research. The difference is manifested in the learning trajectory to be analyzed retrospectively.  

The designing learning trajectory seen in Table 1 is the student-guided activities to mastering 

the multiplication operations. Therefore, the researcher designed an activity using Math GASING 

aids. The goal is that students can understand the concrete form of multiplication using the 

understanding of boxes and something in there. The student must understand that multiplication in the 

form of repeated addition. The teacher used combination learning tools such as presentation and 

whiteboard to make learning process effective and efficiency that can be seen in Figure 2. Next, the 

teacher guides students lead the concept of multiplication as a form of repeated addition during this 

activity. The teacher uses several methods to remember doubling for one to ten more easily and 

meaningfully. 

On the other hands, teacher makes the order of memorizing the multiplication with different 

order in mathematical in general. First, students memorize the multiplication for 1, 10, 9, 2 and 5. 

Next, students memorize the multiplication for the same numbers of multiplication, such as 1 × 1, 2 × 
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2, 3 × 3, ... , 10 × 10. After that, students memorize the multiplication for 3, 4, 8, 7, and 6. Finally, all 

students can memorize the multiplication form from one to ten and answer the teacher exercise 

directly using their mental arithmetic. 

The researchers used multiplication learning phases in the Math GASING (Table 1). The 

introduction activity in learning the basic concept of multiplication have several good discussion. 

During the discussion, students look like easy, fun, and enjoyable in learning multiplication in Math 

GASING. Therefore, the learning trajectory guides students to understand the concept of 

multiplication.  

All activities describe the process of students understanding from informal to a formal level 

according to the multiplication concept. Their experience supported by the Math GASING learning 

aids can make students pass the critical point of multiplication so that students can master 

multiplication as a whole. Surya and Moss (2012) stated that student would be able to master the 

mathematics subject regarding in Math GASING after their pass the critical point of the subject.  

The results show that the students can apply the multiplication in solving each problem is 

given in terms of evaluation. Therefore, it can be seen that learning multiplication operation in Math 

GASING can use to raise students' understanding in integer multiplication operations or other words, 

the design of this study can be used as the starting point of learning multiplication. In the last 

activities, teacher gives evaluation to measure the students’ understanding in multiplication that can 

be seen in Figure 3.   
 

 

Figure 3. Student evaluation process using student worksheet. 

The retrospective analysis has shown that one of the ways making student understanding in 

learning multiplication makes the learning process can be imaging for students. This result is in line 

with previous research stated in learning multiplication have several ways to master it (Caron, 2007; 

Ischebeck, et al. 2006). On the other hand, learning environment also can support the result of the 
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learning process (Putri, et al. 2015; Nuari, et al. 2019). Finally, all students can solve several problems 

and exercises regarding multiplication operation. 

 

CONCLUSION 

 The learning of multiplication operation in Math GASING have a significant role as the 

starting point and improve students' motivation in learning multiplication. Also, the designed students' 

activities find the multiplication concept. The activities are starting from understanding the concept of 

multiplication to mastering the multiplication concept of 1 × 1 to 10 × 10, which is the critical point in 

learning multiplication in Math GASING. The students solve several multiplication problems more 

easily after passing the critical point. Lastly, students can do mental arithmetic for any given 

multiplication problem and answer many multiplication questions very quickly and precisely. Both of 

evaluation is the characteristics of the assessment in Math GASING.  
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Abstract 

The trends of teaching mathematical thinking and the existence of two thinking skills (critical dan creative 

thinking) the required by 21st-century skills have created needs for teachers to know their students’ thinking 

processes. This study is intended to portray how mathematics teachers expect their students showing their 

thinking processes in students’ written work. The authors surveyed Whatsapp and Telegram group of 

mathematics teachers. First, the authors shared the result of the literature review and the governmental 

regulations about the need to develop thinking skills. Second, the authors stated that the potentials of students’ 

written works as a tool for knowing students’ thinking processes. Third, the authors sent a simple mathematical 

problem with the topic of algebra and asked the mathematics teachers how should their students answer that 

problem such that they can easily monitor and assess their students’ thinking processes. A total of 25 teachers 

participated voluntarily in this survey. Results of the survey were triangulated with direct trial data in lecture 

classes at both undergraduate and postgraduate levels. The result indicates that participating mathematics 

teachers do not expect too much for their students to show their thinking processes in written work. Teacher’s 

focus is mostly on the accuracy and the correctness of their students’ mathematics answer.       

Keywords: mathematics teachers’ expectation, making thinking visible, thinking processes, written works 

Abstrak 

Kecenderungan tentang pembelajaran berpikir matematis, dan keberadaan dua keterampilan berpikir (kritis dan 

kreatif) sebagai bagian dari keterampilan abad ke-21, telah menjadikan guru perlu mengetahui proses berpikir 

para siswanya. Sebagai salah satu alat yang dapat digunakan untuk melihat proses berpikir siswa, yaitu 

pekerjaan tertulis siswa, penelitian ini dimaksudkan untuk memotret bagaimana guru matematika 

mengharapkan para siswanya menunjukkan proses berpikirnya pada tugas tertulis. Peneliti mengadakan survey 

terhadap kelompok guru yang membentuk grup guru dalam Whatsapp dan Telegram. Pertama, peneliti 

membagikan hasil kajian pustaka dan peraturan menteri tentang perlunya mengembangkan keterampilan 

berpikir. Kedua, peneliti menyampaikan perlunya memanfaatkan tugas tertulis siswa sebagai wahana untuk 

mengetahui proses berpikir siswa. Ketiga, peneliti mengirimkan satu soal matematika sederhana dengan topik 

aljabar, dan meminta guru menuliskan jawaban yang seharusnya ditulis oleh siswa sehingga para guru dengan 

mudah mengetahui proses berpikir siswanya. Sebanyak 25 orang guru yang bergabung pada kedua grup 

aplikasi berpartisipasi dalam penelitian ini tanpa paksaan. Hasil dari survey dilakukan triangulasi dengan data 

ujicoba langsung di dalam kelas perkuliahan baik di tingkat sarjana ataupun pascasarjana. Hasil menunjukkan 

bahwa guru-guru matematika tidak berkeinginan untuk mengetahui proses berpikir siswanya dari pekerjaan 

tertulisnya. Guru matematika lebih terfokus kepada ketepatan dan kebenaran konten matematika pada jawaban 

tertulis siswanya.       

Kata kunci: harapan guru matematika, menjadikan berpikir terlihat, proses berpikir, pekerjaan tertulis 

How to Cite: As’ari, A.R., Kurniati, D., & Subanji. (2019). Teachers Expectation of Students’ Thinking 

Processes in Written Works: A Survey of Teachers’ Readiness in Making Thinking Visible. Journal on 

Mathematics Education, 10(3), 409-424. https://doi.org/10.22342/jme.10.3.7978.409-424. 

 

Mathematical thinking now becomes the focus of mathematics instruction (Hollebrands & Dick, 

2009; Stacey, 2006). Mathematical thinking is useful for students and also for teachers (Stacey, 2006). 

For students, mathematical thinking is a way of learning mathematics. Through specializing, 
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generalizing, conjecturing, and convincing, which are the fundamental processes of mathematical 

thinking, students can learn mathematics effectively. They can understand the mathematical concepts, 

principles, procedures deeply, and even better solve mathematical problems. For the teachers, Stacey 

(2006) claimed that mathematical thinking could help mathematics teachers provide suitable lessons 

for their students. The Royal Society (2014) stated that the ability to think mathematically is useful for 

decision making either in the classroom context or in real life situations.  

Considering the importance of teaching mathematical thinking, The National Research Center 

(Burns et al., 2006) has created a publication on a comprehensive approach for teaching thinking 

skills. Even a book illustrating the use of tasks and questions to strengthen the thinking practices and 

processes is just currently published (Small, 2017). Chinese education, even,  evolutionarily has set 

mathematical thinking as the focus of mathematics instruction (Li, Mok, & Cao, 2019). In addition, 

several other countries, namely Japan, Singapore, and Australia, also focus on mathematical thinking 

in every implementation of mathematics learning in class (Katagiri, 2004). So, teaching mathematical 

thinking now become international trends in mathematics teaching. Consequently, mathematics 

teaching in Indonesia should also change the focus into teaching mathematical thinking rather than 

mathematical content acquisition.  

Furthermore, in this 21st century, two types of thinking skills (critical thinking and creative 

thinking skills) are considered as 21st-century skills. Several scholars have set the 4Cs (critical 

thinking, creative thinking, collaboration, and communication) as the essential skills needed a human 

being to live in the 21st century (Kay, 2009; National Education Association, 2014; Pacific Policy 

Research Center, 2010; Vockley & Lang, 2008). In the year 2016, the government of Indonesia 

through the Ministry of Education and Culture has set these thinking skills as the goals of educational 

practices in primary and secondary school level (Menteri Pendidikan dan Kebudayaan Republik 

Indonesia, 2016). Teachers should implement teaching and learning activities, which could lead their 

students to have critical and creative thinking skills.  

Therefore, Indonesian mathematics teachers should also shift their teaching focus from content 

acquisition into developing thinking skills. This call is truly appropriate since facts indicated that 

Indonesian students have the lowest score on Programme for International Student Assessment 

(Argina, Mitra, Ijabah, & Setiawan, 2017) who measured students’ reasoning and thinking skills 

(OECD, 2017; Prenzel, Blum, & Klieme, 2015; Stacey, 2011).  Even prospective mathematics 

teachers do not have excellent thinking skills. They are not critical thinkers yet (As’ari, Mahmudi, & 

Nuerlaelah, 2017).  

To make the teaching thinking skills is carried out optimally, teachers need to continuously 

know the level and process of their students’ thinking skills. They need to know how their students 

use their thinking skills in understanding the mathematical concepts, principles, procedures, and in 

solving the problems. Without understanding students’ thinking, teachers will not be able to provide 
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suitable teaching treatments. Therefore, teachers should encourage their students to show their 

thinking process on every occasion. Teachers need to make their students’ thinking is visible.  

Many ways can be used by teachers to make students’ thinking visible. Teachers may ask their 

students to think aloud, write reflective journals, involve in focus group discussion, and produce 

written answers of mathematical tasks. Compare to the other types of tasks; the students’ written 

works is auspicious. The students’ written work has some advantages. First, it can be done regularly 

every day. Second, it can be integrated with the teaching of mathematical content. Third, it is very 

easy to record and analyze the students’ works. Fourth, teachers and students are familiar with this 

type of assignment.  

From the review of literature, many scholars have tried to study students work that mostly 

related to feedback provision (Gjerde, Padgett, & Skinner, 2017; Fu & Nassaji, 2016; Cohen-Sayag, 

2016; Chaqmaqchee, 2015; Fonseca et al., 2015; Osterbur, Hammer, & Hammer, 2016; Costello & 

Crane, 2013). None of these existing studies are talking about teachers expectation of their students’ 

written work. The only research result available related to teachers’ expectation says that having 

several times involvement in workshops about working on challenging tasks, teachers finally expect 

students to persist when working on challenging task (Clark, Roche, Cheeseman, & Sulivan, 2014). 

There is no information available about the type of mathematical thinking processes that should be 

incorporated into students’ work.  

The existence of teachers’ examples of how to develop written works where thinking processes 

are shown in it is very important. Examples given by mathematics teachers represent their expectation 

on students’ mathematical thinking processes. From the examples, teachers could guide the students 

what and how their mathematical thinking processes should be described in their written works. 

Examples are references for students. If the students follow the examples, teachers will have a chance 

to understand better their students’ mathematical thinking skills. Zhu, Yu, & Cai (2018) stated that 

understanding students’ thinking is helpful for their teaching practice. On the other hands, Neumann 

(2014) explains that teachers should listen, probe, interpret and responds to students’ thinking.  

This article is a report of the authors' investigation about teachers expectation in incorporating 

their students’ mathematical thinking through written works. From the study, it can be seen whether 

the expected thinking processes by the teachers are useful or not. Therefore, the result of this study is 

significant for the development of teaching thinking. This study provides a portray of the current 

mathematics education practices which can be used to provide a recommendation of better practices in 

the future. Mathematics teacher educators can use the result of this study as insights on how to create 

the best tasks for their pre-service mathematics teacher students to enable the students to have many 

ideas on how to monitor and evaluate students’ thinking processes. In-service mathematics teacher 

trainers may also use the result of this study to train and up-grade existing mathematics teachers’ 

competencies on how to encourage their students to produce better students works that express their 

thinking skills.   
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METHOD 

General Background of Research 

This research was a qualitative descriptive study, as it was aimed at knowing mathematics 

teachers expectation in incorporating their students’ mathematical thinking through written works.. 

Stages of this research referred to the stage of a qualitative content analysis method. Written works 

referred to in this reserach were students' written answers expected by mathematics teachers to 

determine their mathematical thinking processes. 

Participants 

Participants in this study were 25 mathematics teachers who joined both WhatsApp and 

Telegram groups. The conditions for determining the research participants were (1) mathematics 

teacher who have teaching experience between 10-15 years, (2) mathematics teachers who respond to 

problems given by writing down the written works, and (3) the mathematics teacher who are willing 

to be the research participants. 

Instruments 

To best way to know teachers’ expectation about the mathematical thinking processes that their 

students should incorporate into their written works is through asking the teachers to provide 

examples of how students should express their thinking processes in their written works. The 

examples have the potential as the reference for the students to write their responses. The examples 

could function as the standards criteria for the students to develop their written responses. Therefore, 

in this study, the authors send a simple mathematics problem to the participating mathematics teachers 

and they are then expected to pretend as students, They have to write the solution to the problem such 

that all of the thinking processes required to solve the problem are made visible in it. The simple 

mathematical problem sent to the group was displayed in Figure 1. 

 

 

 

 

 

 

This simple problem was used in this study for several reasons. First, the authors wanted the 

participating teachers focused mostly on their thinking processes. The authors did not want these 

teachers to reject to response caused by the difficulty of the problem. Second, there are several 

thinking processes required to solve this problem; (1) the mathematics teachers should use apply 

horizontal mathematizing to develop mathematical representation suitable to the problem, (2) the 

mathematics teachers should also employ mathematical things to simplify the mathematical 

expression, and (3) the mathematics teachers should use reasoning skills to interpret the result 

correctly and evaluate the appropriateness of the answer. 

Original Problem 

 

Harga dua topi dan dua kaos adalah 

Rp100.000. Harga 3 topi dan 1 kaos 

adalah Rp80.000. Berapa harga 1 topi? 

Translation 

 

The price of two hats and two shirts is 

Rp100.000. The price of three hats and one 

shirt is Rp80.000. What is the price of one hat? 

Figure 1.  The Simple Mathematical Problem 
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Data Collection Methods 

In a digital era now, Whatsapp and Telegram are two among many mobile phone application 

that facilitates teachers to communicate and share ideas, research finding, and other things. These 

applications have been utilized by most teachers, including mathematics teachers, to communicate 

with each other. Even, 2985 mathematics teachers across the nation have organized themselves as a 

group in Telegram application where they routinely discuss and share many aspects of mathematics 

teaching (see Figure 2). Groups of a smaller number of mathematics teachers may use Whatsapp 

application to communicate and share their ideas. Therefore, the authors decided to use these two 

mobile phone applications as the way for data collection.  

 

 

 

The teachers were asked to write the best-expected of their students’ written work so that they 

can see their students’ mathematical thinking processes. The authors assumed that teachers’ answer 

expressed in the written answer is the one that they are expecting from their students.  

Data Analysis 

Answers from participated respondents were then analyzed qualitatively using content analysis. 

The stages were (1) providing math problems in both groups namely Whatsapp and Telegram, (2) 

asking to mathematics teachers who were in the group with 10-15 years of teaching experience to 

respond to the problems given by writing down the answers and sending photos of the answers in the 

group, (3) leveling research participants in 3 levels of mathematics knowledge based on teaching 

experience, namely advanced level, good level, and medium or lover level, (4) analyzing written 

works that given a mathematics teacher as a research participant, (5) triangulating the data with the 

answers of prospective mathematics teacher at the undergraduate or postgraduate levels, and (6) 

Figure 2.  The Screenshoot of Telegram Group 

 



414 Journal on Mathematics Education, Volume 10, No. 3, September 2019, pp. 409-424 

summarizing the expectations of the mathematics teacher to their students by showing their thought 

processes on written works. 

 

RESULTS AND DISCUSSIONS 

A number of 25 mathematics teachers responded to the survey who join both the WhatsApp and 

Telegram groups. By analyzing their responses, it can be seen that all are related to its mathematical 

content. The focus of their answer is showing the procedure that should students used to solve the 

problem. Based on the data analisys, there are no indications that they are expecting their students to 

show and communicate their thinking processes. Students’ thinking processes seem to be implicit and 

invisible. Students’ thinking processes were assumed to be automatic, self-contained, and there is no 

expectation from the teacher side that their students need to explain the reasons for every step of their 

answer. It seems that the teachers do not want to know and understand the thinking processes 

happening in their students’ mind when the students are working to solve the problem. Teachers did 

not take care of students’ thinking processes in solving the problem. Teachers seem to assume that 

students’ mathematical thinking is good if they can provide the correct answer to the problems.  

To make it clear, following are 25 answers provided by 25 mathematics teachers, consists of 5 

teachers with advanced level mathematical knowledge, 15 teachers with good mathematical 

knowledge, and 5 teachers with medium or lower mathematical knowledge. The only reason for 

showing teachers’ answers by their mathematical competencies is that although they have different 

mathematical competencies, they have the same expectation. They expect that the correct answer to 

the mathematical aspect is the most important in their students’ written work.  

One of the participants for the advanced level mathematics teachers is Participant #1 replied 

authors’ request explained in Figure 3. 

   

 

Figure 3.  One of Five Advanced Mathematics Teacher’s Expectation 

Translation:  

The price of two hats and two t-shirts are 

IDR100.000. The price of three hats and one t-

shirt is IDR80.000. What is the price of one hat? 

Alternative solution 

Let 

𝑥 = 𝑡ℎ𝑒 𝑝𝑟𝑖𝑐𝑒 𝑜𝑓 𝑜𝑛𝑒 ℎ𝑎𝑡 

𝑦 = 𝑡ℎ𝑒 𝑝𝑟𝑖𝑐𝑒 𝑜𝑓 𝑜𝑛𝑒 𝑡 − 𝑠ℎ𝑖𝑟𝑡 

From the problem, therefore 

2𝑥 + 2𝑦 = 100.000 → 𝑥 + 𝑦
= 50.000 … … (1) 

3𝑥 + 𝑦 = 80.000 … … . . (2) 

Eliminating 𝑦 in equation (1) dan (2)  
𝑥 + 𝑦 = 50.000

3𝑥 + 𝑦 = 80.000
 

                                  −2𝑥 = −30.000 → 𝑥
= 15.000 

So, the price of one hat is IDR15.000 
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He is an outstanding and very famous mathematics teacher in the group, even in Indonesia. He is a 

very experienced mathematics teacher. He has also written books for national exam preparation, and he 

also manages his blog for mathematics education. He is known as a very strategic mathematics tutor in 

helping students and other teachers to solve mathematics exams smartly, efficiently, and effectively.  

From his written response (Figure 3), it can be seen that he is very good at mathematics. He 

knows that 𝑥 and 𝑦 are symbols of variable, and therefore, he let 𝑥 and 𝑦 correctly as the price of each 

thing, not the price of things. However, he did not mention the origin of the equation 2𝑥 + 2𝑦 =

100.000. He just mentioned “from the given information” as its premis for writing the equation. He 

did not expect his students to write a bridge statement, namely: “Since 100.000 is the price of two 

hats and two shirts, then 2𝑥 + 2𝑦 = 100” which will make him better understand his students’ 

thinking processes. It seems that writing this bridge statement, which telling teachers about their 

students thinking process, is not important for him.  

In another chance, he writes a procedure to solve the problem, namely: elimination procedure. 

He did not expect their students to show the reasons why he/she choose that procedure. There are no 

indicators that he wants their students to express their thinking process during comparing and 

contrasting all the procedures that can be used to solve the problem, process of deciding the most 

appropriate procedure to solve the problem. He did not pay attention to students thinking processes. 

He cares more on the correctness of its mathematical answer.  The mathematical thinking process is 

allowed to be implicit and invisible. 

One of the participants for the good level mathematics teachers is Participant #2 replied authors' 

request described in Figure 4. 

 

 

Translation: 

Junior High School students answer 

Let 𝑥 𝑖𝑠 𝑡ℎ𝑒 𝑝𝑟𝑖𝑐𝑒 𝑜𝑓 1 ℎ𝑎𝑡 

       𝑦 𝑖𝑠 𝑡ℎ𝑒 𝑝𝑟𝑖𝑐𝑒 𝑜𝑓 1 𝑡 − 𝑠ℎ𝑖𝑟𝑡 

 

Therefore 2𝑥 + 2𝑦 = 100.000 |∶ 2|𝑥 + 𝑦 = 50.000 

3𝑥 + 𝑦 = 80.000 |× 1|3𝑥 + 𝑦 = 80.000 

2𝑥 = 30.000 

𝑥 = 15.000 

So, the price of 1 hat is IDR15.000 

 

Senior High School Students answer 

Let 𝑥 𝑖𝑠 𝑡ℎ𝑒 𝑝𝑟𝑖𝑐𝑒 𝑜𝑓 1 ℎ𝑎𝑡 

       𝑦 𝑖𝑠𝑡ℎ𝑒 𝑝𝑟𝑖𝑐𝑒 𝑜𝑓 1 𝑡 − 𝑠ℎ𝑖𝑟𝑡 

 

Therefore: 2𝑥 + 2𝑦 = 100.000 

                     3𝑥+= 80.000 

Can be written in the form of matrices equation 

 

(
2 2
3 1

) (
𝑥
𝑦) = (

100.000
80.000

) 

(
𝑥
𝑦) =

1

−4
(

1 −2
−3 2

) (
100.000
80.000

) 

= −
1

4
(

−60.000
−140.000

) 

= (
15.000
35.000

) 

Or using determinant 

 

𝑥 =
⌈
100.000 2
80.000 1

⌉

|
2 2
3 1

|
= −

60.000

−4
= 15.000 

So, the orice of 1 hat is IDR15.000 

Figure 4.  One of Fifteen Good Mathematics Teacher’s Expectation 
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He is also an excellent mathematics teacher. However, he is not as productive as participant 1. 

He just regular good mathematics teacher who teaches mathematics at a big city in East Java. He is 

good in mathematics. His mathematical concept about the variable is good.  His ability to let 𝑥 as the 

price of 1 hat (not the price of hats or the hat itself) shows that he understand the concept variable 

correctly. He shows that he is also mastery in employing mathematical procedures to solve the 

problem. Even, he shows that he has good pedagocical content knowledge for the topic. He showed 

two different approaches that can be used by students from different level to solve the problems.  

Unfortunately, his response also indicated that he did not pay attention to the mathematical 

thinking processes that should be expressed by his students. He also focused on the mathematical 

aspects of the solution. He did not show the origin of coefficient 2 from expression 2𝑥 + 2𝑦 =

100.000. He just writes it down with no explanation.  

When he used {
2𝑥 + 2𝑦 = 100.000 

3𝑥 + 𝑦 = 80.000
|
|

÷ 1
÷ 2

|
|

𝑥 + 𝑦 = 50.000
3𝑥 + 𝑦 = 80.000

, which resulting in 2𝑥 = 30.000, 

there is no information at all about the thinking processes involved in it. The reader will never know 

the reasons why he chose to use division rather than multiplication in the problem-solving process. 

The thinking process is invisible and implicit. The students’ work did not tell automatically all of their 

mathematical thinking processes. Students’ written works do not function well in inspiring the 

teachers about the thinking processes done by students. Teachers need additional efforts to know and 

understand students mathematical thinking processes.  

The tendency of the response given by participant 2 has the same tendency as the Graduate 

Mathematics Education student namely her mathematical concept about the variable is good (see 

Figure 5). Her ability to let 𝑥 as the price of 1 hat (not the price of hats or the hat itself) and let 𝑦 as 

the price of 1 t-shirt shows that she understand the concept variable correctly. Even, she shows that 

she has good pedagocical content knowledge for the topic especially the process of elimination. But, 

her response also indicated that she did not pay attention to the mathematical thinking processes that 

should be expressed by her students. According to the authors, students only focus on the truth of the 

solution of the problem given. 
 

 

 

 

Figure 5.  Response of Graduate Student 

 

Translation 

 

Let: 𝑥 = price of 1 hat (in IDR) 

       𝑦 = proce of 1 t-shirt (in IDR) 

Form the given: 

2𝑥 + 2𝑦 = 100000 ⋮ 1 ⋮ 2𝑥 + 2𝑦 = 100000 

3𝑥 +  𝑦 =  80000    ⋮ 2 ⋮ 6𝑥 + 2𝑦 = 160000 

                                                       −4𝑥 = −60000 

                                                             𝑥 =   15000 

So the price of one hat is IDR. 15.000.00  
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Another the women participant for the good level mathematics teachers is Participant #3 replied 

authors' request as seen in Figure 6. 

 

 

 

She is a junior mathematics teacher, and she has not many experiences in mathematics 

teaching. However, right now, she is taking her first semester of master degree in mathematics 

education. Therefore, in this study, the authors classify her as a good mathematics teacher too.  

From her written response, it seems that her mathematical concepts could be incorrect. Instead 

of writing 𝑡 = 𝑡ℎ𝑒 𝑝𝑟𝑖𝑐𝑒 𝑜𝑓 𝑂𝑁𝐸 ℎ𝑎𝑡, she wrote 𝑡 = 𝑡ℎ𝑒 𝑝𝑟𝑖𝑐𝑒 𝑜𝑓 ℎ𝑎𝑡𝑠. She did not differentiate 

between “harga 1 topi” which can be translated into the price of one hat and “harga topi” which can 

be translated in,to the prince of hats. It seems that she did not realize that what she did may lead to 

different and wrong mathematical representation. She also relied on what is known or what is given as 

to come up with an equation 2𝑡 + 2𝑘 = 100.000. There is no information about the thinking 

processes used to decide that its mathematical representation is 2𝑡 + 2𝑘 = 100.000.  

Having let 𝑡 = 𝑡ℎ𝑒 𝑝𝑟𝑖𝑐𝑒 𝑜𝑓 ℎ𝑎𝑡𝑠, she wrote an expression 2𝑡 + 2𝑘 = 100.000 and followed 

by a sign “(÷ 2)". There was no information on what the meaning of this sign and why she used it. 

For those who are having difficulty on solving this kind of problem, they will never know why they 

have to divide the each side of the equation by 2. These students will be having difficulty in 

answering the question, “Is dividing by 2 applicable to every problem?” 

She also did not communicate the origin of 2𝑡 + 𝑡 + 𝑘 = 80.000 in the (ii) part of the response. 

The thinking process that “since 3𝑡 = 2𝑡 + 𝑡, and 3𝑡 + 𝑘 = 80.000, then 2𝑡 + 𝑡 + 𝑘 = 80.000 was 

implicit. No explicit explanation was provided. According to the authors, the good mathematics 

teacher also did not pay attention to the thinking processes. 

Translation 

 

Let t = the price of hats 

K = the price of t-shirt 

Therefore, from the information given 

(1) 2𝑡 + 2𝑘 = 100.000 

𝑡 + 𝑘 = 50.000 

 

(2) 3𝑡 + 𝑘 = 80.000 

2𝑡 + 𝑡 + 𝑘 = 80.000 

2𝑡 + 50.000 = 80.000 

2𝑡 = 30.000 

𝑡 = 15.000 

 

Figure 6.  One of Fifteen Good Mathematics Teacher’s Expectation 
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One of the participant for the medium or lower level mathematics teachers is Participant #4 

replied authors' request as seen in Figure 7. 

 

 

 

Figure 7 shows that he is not good at mathematics. He did not show us that he has a sense of 

understanding about the concept of variable in mathematics. He did not realize that the equal sign in his 

answer was wrongly used in this expression. He did not realize that his mathematical expression is 

meaningless, that is: the left side (the 𝑥) represents a quantity, and the right side represents tthe hing that not a 

quantity, and those two things are related using the equation sign. However, he showed his capability to 

execute analytical procedures fluently. He used the procedure clearly and came up to the correct solution. 

The tendency of the response given by participant 4 has the same tendency as the Postgraduate 

Mathematics Education student who is not able to distinguish the given variables, namely for the 

variable 𝑥 = price of 1 hat with the variable 𝑥 = hat (see Figure 8). It seems that he did not realize that 

what dhe did might lead to different and wrong mathematical representation. He also relied on what is 

known or what is given as to come up with an equation 2𝑥 +  2𝑦 =  100,000. There is no 

information about the thinking processes used to decide that its mathematical representation is 2𝑥 +

 2𝑦 =  100,000. 

 

 

Translation 

Alternative 

Let  

𝑡𝑜𝑝𝑖 = 𝑡 

𝑡 − 𝑠ℎ𝑖𝑟𝑡 = 𝑘 

 

2𝑡 + 2𝑘 = 100.000 |× 1|2𝑡 + 2𝑘 = 100.000 

3𝑡 + 𝑘 = 80.000 |× 2|6𝑡 + 2𝑘 = 160.000 

4𝑡 = −60.000 

𝑡 = −
60.000

−4
 

𝑡 = 15.000 

 

The price of 1 hat is IDR15.000 

Translation 

 

Given: Price of 2 hats and 2 t-shirts are IDR. 100.000 

        Price of 3 hats and 1 t-shirt are IDR. 80.000 

Ask: What is the price of 1 hat? 

Solution: 

Let: Hat = 𝑥 

       T-shirt = 𝑦 

So: 2𝑥 +  2𝑦 =  100.000,00 

3𝑥 +  𝑦 =  80.000,00 
With the elimination process, we get the value of 𝑥 =
 15.000,00 

Because what is asked is only the hat where the hat is a 

variable 𝑥 so the price of one hat is IDR. 15.000.00  

Figure 7.  One of Five Medium or Lower Mathematics Teacher’s Expectation 

Figure 8.  Response of Postgraduate Student 
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Furthermore, the student writes "with a process of elimination" without writing down the 

process of elimination like what so as to get the value of variable 𝑥. At the end of the completion 

process, the student also wrote "Because what is asked is only the hat where the hat is an example of 

the variable 𝑥 so the price of 1 hat" and indicates that the student has not been able to distinguish the 

"price of hat" variable from the "hat". According to the authors, students do not focus on the thought 

process and only focus on the truth of the solution of the problem given.  

So, from the above of mathematics teachers responds, teachers’ expectation on students 

thinking processes in students written work is inexistent. Teachers still assume that thinking skills do 

not need to be made explicit. Thinking skills are still implicit and informally developed. The 

researchers then followed up this activity by asking their reasons for focusing on its mathematical 

content only. Two types of responses were identified.  

First, teachers feel that the development of 4Cs is not essential. They refer to the type of 

national examination test which assesses the mathematical content only. They argue that if the 

development of 4Cs is essential, the government should develop an assessment approach that 

measures students 4Cs, and up to now, there is no such examination. 

Second, teachers feel that the content to be taught in the curriculum is already very tight, and 

students readiness are not right. The coverage of mathematical content to be taught in a semester is 

very much with a limited time allocated. Furthermore, teachers have to spend much time to review 

and teach the prerequisite materials every time they have to facilitate their students to learn new 

mathematical materials.  

According to the authors, many things can be used to discuss the result of the study. According 

to the authors, many factors influence the practices of teaching conducted by teachers. Among all of 

the factors, some of them are teachers understanding about the mathematical thinking itself, their 

perceptions about changing teaching practices, their perception about teaching mathematical thinking. 

First, the discussion about the importance of developing mathematical thinking is a new topic 

in mathematics education (Royal Society, 2014). Used to be, the focus of discussion in mathematics 

education is mostly about mathematical content. During their pre-service mathematics teachers 

education program, especially in Indonesia, there was a minimal discussion related to the 

development of mathematical thinking. Therefore, not every teacher understand the complete figure 

mathematical thinking. Some teachers even consider students’ mathematical thinking just as their 

prior knowledge (Celik & Guzel, 2017). They perceived mathematical thinking just as knowledge, not 

as skills. If their students have shown their prior knowledge correctly, students mathematical thinking 

are assumed to be already excellent. How the students use their logic to process their existing or prior 

knowledge into another knowledge is not considered as an essential issue.  

Second, teachers’ perceptions of changing teaching practices. According to Cho (2014), many 

factors may hinder teachers from changing their teaching practices. Factors such as curriculum, 

teacher culture, school environment, the educational policy could lead to teachers’ reluctant in 
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implementing innovation. Based on this Cho’s claim, it is clear why these participating mathematics 

teachers do not give the best response related to how their students should show their mathematical 

thinking through their written works. In the curriculum documents, the government does not 

encourage teachers to request their students to show their thinking process. The national exam form, 

which uses multiple choice for most of the years, also do not encourage mathematics teachers to 

encourage their students to show their mathematical thinking. 

Ketelaar (2012) identified three crucial factors that influence teachers’ readiness in 

implementing innovation. The factors are sense-making, ownership, and agency. In the sense-making 

stage, the teachers relate the innovation to their existing knowledge, experiences, and expectations. If 

the teachers feel that innovation makes sense to them, there is a big chance for the teachers to develop 

ownership. Unfortunately, encouraging mathematical thinking, visible innovation seems not to make 

sense for these participating teachers. Their experiences during the pre-service mathematics teachers 

program which focused more on content acquisition did not give a chance for them to make-sense this 

innovation. The multiple-choice types of national examination that should be taken by students could 

also be the reasons why teachers feel that encouraging students to show their thinking processes 

through their written work is not a make sense activity.  

Call for encouraging students’ mathematical thinking through their students’ written work 

could be new for the participating teachers. This call is not coming from themselves. There is also no 

formal training given to these participating teachers. Ownerships from these participating teachers 

could be very low. Therefore, it makes sense if their responses are not encouraging mathematical 

thinking.  

In term of agency, although government, through Ministry of National Education and Culture 

(MOEC) has trained almost every mathematics teacher in Indonesia (Puri & Ilma, 2014), there are no 

specific agencies that were designed specially to ensure the encouragement of mathematical thinking 

processes through students’ written work. There were no agencies who train teachers on how to 

encourage students’ mathematical thinking through students’ written work, monitor and supervise its 

implementation, assess and evaluate its achievement. Leadership who can direct and lead the 

implementation of teaching mathematical thinking is not available. Therefore, what is Cook (2014) 

said as the most important is absent for this encouraging mathematical thinking into written works.    

Based on the above discussion, the authors recommend others to follow up this research by 

comparing teachers’ expectation about thinking processes to be incorporated into students works 

based on teachers’ familiarity with mathematical thinking, and their involvement in educational 

innovation. Finally, the national government could also conduct researches to evaluate the 

effectiveness of having a national examination system which students thinking can be made visible, 

toward students’ thinking development, and teachers’ tendencies in implementing teaching and 

learning activities in the classroom.   
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CONCLUSION  

Students’ thinking processes are not expected to be included in students’ written work yet. 

Teachers’ focus on students’ written work is still on its mathematical content only. Teachers do not 

see the importance of making their students’ thinking visible. Lack understanding of mathematical 

thinking, teachers’ perception on the innovation especially things that are related to change their 

practices are among factors that could make the teachers do not include students’ mathematical 

thinking in written works. Sense-making about encouraging students to show their mathematical 

thinking processes in their written works should be improved. Teachers’ ownership of these 

innovative practices and the existence of agents who can monitor and supervise the practices are also 

needed to make this innovation happens.  
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Abstract 

By modeling learning students enjoy learning and doing mathematics in new ways. This study aimed firsly to 

produce senior high school mathematics modeling tasks, lesson plan, and student worksheet for valid 

mathematical learning; secondly, to produce senior high school mathematics modeling, lesson plan, and student 

worksheet for practical mathematics learning; lastly, to produce senior high school mathematics modeling tasks, 

lesson plan, and student worksheet for potentially effective mathematics learning. This study used method of 

development research that consisting of 3 steps, i.e., analysis, design, and evaluation. In the analysis stage, 

researcher did student analysis, curriculum, and mathematical modeling. Second stage are to design and product. 

Finally, researchers applied a design of formative evaluation consists of self-evaluation, one-to-one, experts 

review, small group, and field test. Based on experts review, one-to-one, small groups, and field test were 

obtained valid, practical, and potentially effective, i.e. mathematical modeling tasks, lesson plan, student 

worksheet to teach mathematical modeling in senior high school and Mathematical modeling tasks and student 

worksheets to learn mathematical modeling in senior high school.  

Keywords: learning, senior high school mathematics, modeling approach 

Abstrak  

Dengan pembelajaran pemodelan siswa menyenangi belajar dan doing mathematics di dalam cara baru. Tujuan 

Penelitian ini adalah, pertama, menghasilkan tugas pemodelan matematika sekolah menengah atas, lembar kerja 

peserta didik (LKPD), dan rencana pelaksanaan pembelajaran (RPP) untuk pembelajaran matematika yang 

valid, kedua, menghasilkan tugas pemodelan matematika sekolah menengah atas, ), lembar kerja peserta didik 

(LKPD), dan rencana pelaksanaan pembelajaran (RPP) untuk pembelajaran matematika yang praktis, terakhir, 

menghasilkan tugas pemodelan matematika sekolah menengah atas, lembar kerja peserta didik (LKPD), dan 

rencana pelaksanaan pembelajaran (RPP) untuk pembelajaran matematika mempunyai efek potensial. Studi ini 

menggunakan metode penelitian pengembangan yang memiliki 3 langkah, yaitu analisis, desain kemudian 

evaluasi. Langkah pertama dilakukan analisis siswa, kurikulum, dan pemodelan matematika. Langkah kedua 

adalah desain dan product. Kemudian langkah terakhir, peneliti menggunakan desain evaluasi formatif, yaitu 

dilakukan self-evaluation, one-to-one, review ahli, small group, dan field test. Berdasarkan experts review, one-

to-one, small group, dan field test diperoleh, yaitu soal pemodelan matematika, lembar kerja peserta didik 

(LKPD), dan rencana pelaksanaan pembelajaran (RPP), dan yang valid, praktis dan memiliki efek potensial 

untuk mengajar pemodelan matematika di sekolah menengah atas dan tugas pemodelan dan lembar kerja peserta 

didik untuk belajar pemodelan matematika di sekolah menengah atas.  

Kata kunci: pembelajaran, matematika sekolah menengah atas, pendekatan pemodelan 

How to Cite: Riyanto, B., Zulkardi, Putri, R.I.I., & Darmawijoyo. (2019). Senior High School Mathematics 

Learning through Mathematics Modeling Approach. Journal on Mathematics Education, 10(3), 425-444. 

https://doi.org/10.22342/jme.10.3.8746.425-444. 

 

Modeling learning makes Mathematics more meaningful and interest for students in this approach 

(Arseven, 2015). Traditional teaching and separate teaching from problem solving are not enough to 

prepare students for the 21st century. Bliss et al. (2016) stated that the preparing of 21st century 

students can be achieved by mathematical modeling because modeling and competency modeling 

have important contributions to make whether learns able learn and how they must learn in 

mathematics education. In traditional learning, students are conditioned by "results orientation" 
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(Kantowski, 1981). The traditional approach also aimed that students produce correct answers 

validated by the teacher. Students are considered achievers if their actions are the same as the 

teacher's expectations. The teacher prioritizes the purpose of the following specific procedure 

instructions to be effective (Cobb et al., 1992). It is very contrary to the modeling learning. 

Kilbane and Milman (2014) state that learning in the 21st century is characterized by the use of 

information and thinking to solve problems. In Problem-Based Learning models, students do both of 

these, resulting in their development of 21st century skills. It is very compatible with mathematical 

modeling learning that modeling learning is learning matching the characteristics of 21st century 

learning, and modeling can access 21st century students' skills (Bliss et al., 2016). Research 

conducted by Maa et al. (2018) show that with learning modeling the teachers explained the positive 

changes in general motivation for mathematics, and stated that their students decided to study 

mathematics or science, or technology because they enjoyed learning and doing mathematics in new 

ways. This shows the teacher is very happy to teach mathematics in new ways and students enjoy 

learning mathematics in new ways. 

Yanagimoto (2005) states that traditional mathematics currently taught in schools does not 

contain subject areas under development (everything is already complete and finished). There is a 

little examples of modeling in the practice of learning mathematics in many countries. The cause for 

the abyss between educational programs and facts is that mathematical modeling is not easy for 

teachers (Arseven, 2015). The looking for of student's problems when modeling is the aerly step 

before giving teacher intervention or a feedback (Ferri, 2018). This shows that mathematical modeling 

aiming to diagnose student weaknesses in mathematics and teachers having to have content and 

pedagogical knowledge to do the mathematical modeling can be done by focusing on modeling tasks. 

Mathematical modeling taught in school mathematics must be introduced together with strengthening 

new content (Kawasaki, 2012).  

 Mathematical modeling methods make learners understand better the relationship between real-

world problem and mathematics (Bonotto, 2007; Blum, 2002). Then, studies have shown that 

mathematical modeling is a approach that teachers do not know well (Frejd, 2012). Quite similarly, 

introducing modeling into curriculum of mathematics resulted on teachers creating their strategy of 

learning, causing their learning of mathematics more related to real-world problems (Martinez-

Luacles, 2005). Consequently, models have an essential influence in creating mathematics real to 

learns (Anderson, 2010). 

 There were three research questions in this Study. Firstly, how senior high school mathematics 

modeling tasks, student worksheet, and lesson plan were designed valid. Secondly, how senior high 

school mathematics modeling tasks, student worksheet,and lesson plan were designed practical. 

Lastly, how senior high school mathematics modeling tasks, student worksheet, lesson plan were 

designed potentially effective. 
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METHOD 

This study applied method of development research. This method consists of 3 steps, i.e., 

Analysis, design, then evaluation (Akker, et. al., 2006). On the analysis stage, researcher did student 

analysis, curriculum, and mathematical modeling. The second stage, researcher did design and 

produce mathematical modeling tasks, LKPD and RPP. Finally, this research applied a design of 

formative evaluation (Figure 1). On this stage, researcher did self-evaluation, one-to-one, experts 

review, small group, and field tests (Tessmer, 1993, Zulkardi, 2006). 

 

 

 

 

 

 

 

 

 

 

 

 

 

Figure 1. Design of Formative Evaluation. 

 

The criteria of success of this research used the form of mathematical modeling asks, student 

worksheet , and lesson plan in Senior High School that was valid, practical and potentially effective. 

The validity was got from the comments of experts of mathematics, RME, mathematics education and 

mathematical modeling. The practicality was got from the students' comments since working 

mathematical modeling tasks via observations of the one-to-one, small group by video and interview, 

and the effective was obtained from the field test. Practicality implies simple to implement. It can be 

interpreted, and is not double meaning. 

The collecting of data techniques were, firstly, walkthrough. It based on the comments 

of experts to produce a valid mathematical modeling tasks, student worksheet, lesson plan on 

language, content, construct and contexts aspects, secondly, interview and student’s solution, 

it produced from on-to-one, small group and field test to get the practicality and potentially 

effective of the mathematics modeling tasks, student worksheet, lesson plan. The obtained 

data were analyzed by implementing method of descriptive analysis, firstly, walkthrough, 

walkthrough by sheet analysis based on the comments of validation of experts to produce 

valid mathematical modeling tasks, student worksheet, and lesson plan, secondly, interview 

and student’s solution, it analyze the outcomes of one-to-one and small group to produce 

practicality and potentially effective of the mathematics modeling tasks, student worksheet, 

and lesson plan. 
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RESULT AND DISCUSSION 

Preliminary research, i.e. the first cycle of research was done at SMP Negeri 6 Kayuagung 

with 3 students Grade VIII.2 students as research subjects, namely K. F. P., M. R. A. P. and O. A. 

In this study the valid and practical mathematical modeling tasks were produced using UBER 

contexts. Figure 2 shows that the students' commented that the task of mathematical modeling with 

UBER context was very good and made them think, and reason, and need revisions to terms in the 

process of modeling that they were not yet familiar with it. It is because the mathematical modeling 

was new for them. 

 

Suggestion: 

In my opinion, the material is very good, because it can make children to think reasoning, but the 

language that used too high for yunior high school, therefore, children do not understand to the tasks 

that is given. 
 

Figure 2. Students' comments on the modeling task 

  

The first cycle of the study also indicated that learners could create identification of the 

problems, make assumptions, work mathematically to get results, and provide recommendations even 

though they were not able to generalize. Figure 3 is a solution for students of UBER context modeling 

tasks. 
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Do the math: to get solution 

 

car 250
8

people 200
x 

 000.250.125000.50x   

Analyze and assess the model and the solutions 
The model is suitable 

Iterate as needed to refine and extend the model 

No 

Implement the model and report the results 

Conclusion 

If there are 250 people on the trip, 25 car will be 

rented at cost 1.250.000 rupiah 

Figure 3. Students Solution 

 

The students' commented that the tasks of mathematical modeling with nutritional context was 

very good and made them imaginative, but it was quite difficult. This shows that the modeling task is 

good and needs revision. The comments of student can be seen in Figure 4. 

 

In my opinion, this task is good. It can invite to imagine. But, some fact and 

problem above out of sync and not clear what’s the meaning.  
 

Figure 4. Student comment’s on mathematical tasks 

 

The second cycle of the study indicates that students could only identify and simplify the tasks but could not 

to complete the modeling tasks according to the modeling process. This resulted the fact that mathematical 

modeling was new to them. Figure 5 shows the solution for students in the task of modeling nutrition contexts. 

  
Identify and specify the problem to be solved 

How to solve the problem of malnutrition in 

Indonesian society? whether by increasing 

consumption of fruits and vegetables and 

reducing the consumption of foods that contain 

high fat and cholesterol 

Do the math: get a solution 

In one serving size 

White rice: 129 0,285 27,94 2,664 

Corn : 132 1,62 29,29 4,966 

Wheat bread: 67 1,07 12,269 2,376 

Pearled barley: 123 0,44 26,229 2,263 

 

Figure 5. Student’s Solution 
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The Third Cycle of the study took 3 subjects as the subjects of SDIT Bina Insani Kayuagung, 

namely C. A. M., A., and F. The students' commented that they learn interesting mathematics with 

mathematical modeling learning. Figure 6 is a student's comment on a mathematical modeling task. 

 

 

This learning mathematics is interesting 

Figure 6. Students' comments on modeling tasks 

 

In this third cycle of the study, students could only identify and specify problems and make 

assumptions. They were not able to do a mathematical process to get a solution and cannot evaluate 

and generalize mathematical models (Figure 7). 

  

Identify and specify the problem to be solved 

home, parking lot and playground 

Do the math: get a solution 

Land size 15 x 40 meter 
 

Figure 7. Student Solution to the Modeling Task 

  

The Fourth Cycle took 6 students as research subjects of SDIT Bina Insani Kayuagung, 

namely S. A., K. N. I., F. A., M. S. A., M. F. A. H. and D. R. F. The students commented that the 

mathematics learning became interesting and made them think with mathematical modeling learning. 

Figure 8 explains a student's comment on a mathematical modeling task. This fourth cycle study 

used the context of “Jumat Sejahtera”. 

 

 

The problem is good and interesting and 

makes us think 

 

Figure 8. Students' comments on modeling tasks 

 

In this fourth cycle, students could only identify and specify problems and make assumptions, 

determine important variables, perform mathematical processes to get solutions, produce 

mathematical models, but they were not able to generalize and do iterations that can be seen in Figure 

9. 
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Create a mathematical model/formula to 

calculate only the cost of food from "Prosperous 

Friday" using the variables (numbers / values / 

prices) that you have created! 

Food per box = 3 x 3000 = 9000 

Drink per box = 1 x 1000 = 1000 

 = 10.000 rupiah 

Total of students = 21 people 

Total of teacher = 2 teachers 

 23 orang 

23 orang x 10.000 = 23.000 rupiah 

Create a mathematical model/formula to 

calculate how long to save from "Prosperous 

Friday" using the variables (numbers / values / 

prices) that you have created by assuming how 

much money you save per day! 

Total of students = 21 

The price of donut = 5000 

The money that save in one day = 5000 

5000 x 21 = 105.000 rupiah 

105/5 = 21 hari 

 

Figure 9. Student Solution to the Modeling Task 

  

This study was conducted at SMA Negeri 1 Palembang. In this study, modeling learning used 

the context of Musi 2 Bridge, Toll Fee, Online and Conventional taxi, Car Speed on Toll Road, and 

Water subsciption fee of PDAM. These mathematical modeling tasks and students worksheet was 

conducted experts review, i.e. Prof. Hendra Gunawan, Prof. Edi Cahyono, Al Jupri, S.Pd., M.Sc., 

Ph.D., and Dr. Rusdy A. Siroj. Figure 10 show the comment of expert of mathematical modeling, i.e. 

Edi Cahyono (Figure 10). 

 

Expenditure per month on the payment 

receipt above is almost the same. Thus, it 

would be difficult to formulate significantly 

different recommendations. Data cost per m 

^ 3 difference is needed, for usage groups. 

Data can be reproduced, for example, receipt 

for 1 year 

 

Figure 10. Expert’ comment to the Modeling Tasks on PDAM contexts 

 

 After experts review, this study conducted one-to-one. The subjects of one-to-one were the 

learners of Grade XI IPA 1 and 3 of SMA Negeri 1 Palembang as many as 15 students, namely A. K., 

A. A., A. K. A. I., A. A. R., A. Y. N., D. T. T., H. K., J. A, M. A. A., M. B. H., M. D. S. N., M. A., N. 

K., N. S. A, and R. R. A.  
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 One of the comments of students when one-to-one students, named A. K. state that this 

modeling task was interesting and he never studied modeling tasks like this pervously and this task 

needed a strong and careful analysis. A. K.'s comments is shown in the Figure 11. 

 

This problem is interesting, because before I never solved a math problem this complicated. To do 

this problem requires a strong and careful analysis. 
 

Figure 11. Student comment’s on one-to-one 
 

 Judging from the solution of students, the task of modeling with the context of the Toll Road Fee and Musi 

2 Bridge, the students were not able to bring up mathematical models even though they did the mathematical 

processes. But for the other three contexts, the students were able to make mathematical models even though they 

could not validate and evaluate and do iterations to improve the mathematical models obtained. This is due to new 

mathematical modeling for them. Figure 12 is a solution for students who work mathematically. 

 
charging 

nth money 

on the toll 
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money) 

The total 

amount of 
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toll card 

filling 

(Rp) 

The total 

amount of 

administrative 

costs (Rp) 

The 

amount of 

money on 

the toll 

card (Rp) 
 

the amount 

of money 

paid for 

the nth trip 

(Rp) 
 

The 

amount of 

money on 

the toll 

card on the 

nth trip 

(Rp) 

Money on 

the card 

filled in 

for the 

number of 

trips? 

 

Remaining 

money (e-

money) on 

the toll 

card on the 

nth trip 

(Rp) 

1 Not filling 1.500 48.500 20.000 45.200 2 25.200 

2 Not filling 1.500 48.500 20.000 53.200 2 33.200 

3 50.000 1.500 48.500 20.000 33.200 1 13.200 

4 Not filling 1.500 48.500 20.000 61.700 3 41.700 

5 Not filling 1.500 48.500 20.000 41.700 3 31.700 

6 Not filling 1.500 48.500 20.000 58.700 2 38.700 

7 50.000 1.500 48.500 20.000 38.700 1 18.700 
 

Figure 12. The results of doing mathematics students. 
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 After conducting one-to-one, the small group was also conducted using the context of "Musi 2 Bridge", 

"Toll Road Fee," Online and Conventional Taxis”, "Car Speed on Palindra Toll Road ", and "Water subscription 

fee of PDAM". The result of small group was that students could solve mathematical modeling problems in the 

context of "PDAM". The solution to the mathematical model is shown in Figure 13. 

 

Make a mathematical model to calculate the cost and 

cost of clean water per cubic meter using the variable 

you created. Determine the monthly cost and water 

price per cubic meter! 

Mathematical model 

October: 13 a + b = 37.300 

September: 12a + b = 35.200 

We get the values of a and b as follows 

a = Rp. 2.600  cost of water per cubic meter 

b = Rp 4000  fixed costs per month 
 

Figure 13. Context Mathematical Model PDAM 

  

The comments of students after small group were that they were happy and the material was 

new and interesting. Student comments are shown in Figure 14. 

 

I enjoy this material and this material is new, and the formulas are unknown to me. Pretty interesting 

 

Figure 14. Student’s comment on small group 

  

After that, the study continued to conducting a field test to Grade XI IPA 3 using modeling 

learning with the context of the PDAM. Then, field test was conducted to Grade XI IPA 3 and IPA 1 

with modeling learning of the context of the musi 2 bridge and the toll roads fee. Then, it was 

conducted to Grade XI IPA 3 using the context of PDAM Fee. Then, it was conducted to Grade XI 

IPA 5 using the modeling learning the context of Musi 2 Bridge. Then, on Tuesday, April 9, 2019, it 

was carried out to Grade XI IPA 3 with the modeling learning of the context of the Toll Road Fee. 

 For the field test, students commented that this modeling task was interesting and they never 

studied modeling tasks like this before and this task required strong and careful analysis. Figure 15 is 

the student’s comment after the learning process, i.e. 

 

This problem is interesting, because I have never done math problems this complicated before. To do 

this problem requires a strong and careful analysis. 
 

Figure 15. Students comment’s on one-to-one and small group 
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 The modeling learning activities indicate that students are very enthusiastic about learning 

mathematics which can be seen in the videos and observations. Student solutions in the modeling 

process also show that students could to create mathematical models for the five contexts of modeling 

learning that are done even though students have not been able to evaluate the mathematical models 

they have found. Figure 16 shows the solutions of students for modeling tasks with the context of the 

PDAM. 

 

 

Make a mathematical model to calculate the cost and cost 

of clean water per cubic meter using the variable you 

created. Determine the monthly cost and water price per 

cubic meter! 

Cost per cubic meter = x, Fixed costs per month = y. 
13x + y = 37.800 12x + y = 35.200 

12x + y = 35.200 12(2.600)+ y = 35.200 

 x = 2.600 31.200 + y = 35.200  

 y = 4000 

Make a mathematical model to estimate the cost 

that must be incurred by the household in one 

year based on the cost of water costs and costs 

for one year! 

Usage: a = amount per cubic meter, x = price per 

meter cubic, y = expense per month 
bill amount in one month (no expense) = (ax) 

bill amount in one year (no expense) = (ax + y)12 

Figure 16. Mathematical model of fee PDAM in one year 

  

The same results also show the context of the Car Speed on the toll road. The students could to 

create mathematical models of problems given. Figure 17 is a student solution. 

 

Make a mathematical model for the speed of a car that 

crosses the motorway using the variable you have 

created! The average speed of all cars and their 

mathematical models. 

Car peed: 

Sa = Sb  va . ta = vb. tb  

 ...(1) 
.v

v b
a

a

b

t

t

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...(2) 
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v a
b

b
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t
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

 

Average speed: 

..

....v
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rata





cba

vv cb

  

. 
v

v rata
n




  

n = many cars, and v = car speed  
 

Figure 17. Mathematical model of the “car speed on toll road” context 

  

For the context of Musi 2 Bridge, the students were able to produce two models, namely 

assuming the arch of the Musi’s bridge 2 is a quadratic function and a trigonometric function. Figure 

18 is a solution to the mathematical model they found. 
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Create a mathematical model to 

calculate the height of the big and 

small arches of the musi bridge 2 

using the variables you have created! 

y = -0,35(x – 0)(x – 10) 

y = -0,35 x(x – 10) 

y = -0,35x2 – 10x 

yn = nth string height, y = tinggi maksimum 

x = distance end to end horizontally 

The bridge arch is a function of sin 

Sin graph with a hill shape has angle intervals 0x. So, for this bridge 

has a difference in the angles 
15



 
for each adjacent rope (to determine height) and a small arc. 

Create a mathematical model to calculate the height of large and small 

arches of the musi bridge 2 using the variables you have created! 

Large arch height: 









15
.sin.10


ny  for its breaking point 

The value of 1
15

.sin 






 
n , so, 


















2
sin

15
.sin


n  

 
So, n = 15/2. Function for small arches, i.e. 

 











8
.sin.10


nyn  

Figure 18. Mathematical model for “Musi 2 Bridge” context 

  

The context of online and conventional taxi show that students could produce mathematical 

model derived from the given problem. Figure 19 is the mathematical model found by the student. 

 

 

Make a mathematical model to calculate the cost of 

online and conventional taxis! 

Online taxis (Jawa, Sumatera, Bali): 

a = 0, b = 3.500, Un + a + nb 

Kalimantan, NTT: The highest: Un = n . 3.700 

 The lowest: Un = n. 6.500 

Bluebird conventional: Un = 6500 + n . 4100 

Execitive: The highest: Un = 13.000 + n. 7500 

 The lowest: Un = 17.000 + n . 9000 

Express: Un = 6500 + n. 3800 

 

Figure 19. Mathematical model of online and conventional taxi 

  

 For the context of the online and conventional taxi fee also shows that students could make 

mathematical models of the problems given. Figure 20 is a mathematical model found by students. 
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Make a mathematical model for the costs that 

have to be incurred by toll road users for one 

year and sal do on the toll card at the last use 

of the toll road at the end of the year using 

the variable you have made! 

Charging Fee = 50.000 rupiah 

Un = a + (n – 1)b 

Un = 50.000 + (n – 1) 50.000 

Un = 50.000n 
 

Figure 20. Mathematical model for “Toll Road Fee” context 

  

 After doing field test potentially effect was looked. This can be seen from the comments of the 

model teacher, the observer teacher and the students themselves as research subjects stating that 

modeling learning is good to apply in the future because it is interesting, challenging, and meaningful 

for students and makes students motivated to learn. The learning process of mathematical modeling 

tasks can produce good mathematical models as expected and there is a validation process as in the 

modeling cycle. The mathematical model that has not been generated is in the context of the Musi 2 

Bridge. The quadratic function model that still has parameters appears. Whereas for trigonometric 

functions mathematical models have emerged but there are no arguments or validations from the 

students. Whereas for the contexts of conventional online and taxi taxis, the toll road fee, PDAM and 

car speed on toll road produced the correct model. Therefore, results of the study shows the learning 

process on field test is good in accordance with the expectations in accordance with the characteristics 

of the task and the modeling learning process.  

 This study produced mathematical tasks, lesson plan, and student worksheets for senior high 

school mathematics modeling. As a results, the valid, practical and potentially effective senior high 

school mathematics task of mathematics modeling, lesson plan, and student worksheet were designed 

valid, practical, and potentially effective to be implemented for more interesting and meaningful 

mathematics learning to better the quality of learning and mathematical achievement.  

 The first research problem, how senior high school mathematics modeling tasks, lesson plan, 

and student worksheet were designed valid?. This research conducted experts review from 

mathematicians Prof. Hendra Gunawan, experts of mathematical modeling Prof. Edi Cahyono, expert 

of realistic mathematics education Al Jupri, S.Pd., M.Sc., Ph.D and expert of mathematics education 

Dr. Rusdy A. Siroj. They state that mathematical modeling tasks in this reseach is good and need 

revision. After experts review, one-to-one was conducted. Students say that this tasks was interesting 

and make student to think. Student could make mathematical model in one-to-one. This show that this 

tasks was valid.  

 In this research of designing modeling tasks based on the characteristics of the modeling task, 

the problem comes from the real world. Sullivan et al. (2015) state that designing tasks should 

consider three aspects of pedagogy, namely, student motivation, task recognition to students, which 

relates to the teacher wanting learners to have the ability to interpret the demands of the task, and 
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accessing assignments by all students, on which this issue causes the teacher to think of student 

motivation, the level of initial knowledge to push with assignments, the current mathematics culture 

class, expanding tasks that could distinguished to allow all learners to push appropriately. To 

implement this designed task the teacher can make modeling tasks as an effective way of learning. 

This modeling tasks can motivate students; with mathematical modeling tasks the students will carry 

out the process of interpreting assignments and modeling tasks which are valid for all students who 

are weak, moderate and high in their mathematical abilities. 

 In desiging tasks of mathematical modeling learning, teachers must make use of everyday 

contexts. The function of a context is very essential in mathematical modeling because the modeling 

needs a context for problem frame, and mathematical applications (Lingefjard, 2006; Mousoulides, 

2007). A focus characteristic of traditional mathematics learning in many countries is the activity of 

'solving story problems' (Schoenfeld, 1992; Mousoulides, 2007). 

Saxena et al. (2016) state that sometimes they find it difficult to solve problems and learn 

formulas and prove theorems. Although a lot of effort and research were carried out in this field but 

there was a lot of work done at the basic level. However, the level of difficulty gets high at the middle 

and high levels because we have a lot of content in grades 11 and 12 as well as many new things for 

students and many formulas, theorem relationships and a few parts of the application. In research it 

shows that it is very essential to understand the contexta in modeling. 

 The second research problem is how senior high school mathematics modeling tasks, lesson 

plan, and student worksheet were designed practical?. This research was conducted small group. In 

this small group students very active in learning. Students could learn mathematical modeling to get 

mathematical model. Students also state that this learning is very interesting. This show that 

mathematical modeling tasks and student worksheet is practical.  

 It is not easy to implement mathematical modeling lessons in schools due to time constraints 

(Hino, 2007). Research in mathematics education emphasizes the essential of teacher knowledge 

about learner thinking (Ball & Cohen, 1999; Ball et al., 2008; Even & Tirosh, 1995; Stillman et al., 

2010). But teacher knowledge about students’ thinking is not easy matter because it needs them to 

see, hear, understand, and interpret learners' thinking when driven by mathematics tasks (Ball, 1997). 

Teachers must be able to estimate difficulties, lack of understand, and predict whether students are 

appealing in choosing examples (Ball et al., 2008; Hill et al., 2008). It shows the importance of the 

task of modeling school mathematics. Modeling learning place new challenges on the teacher (Doerr, 

2006). 

 The study conducted by Riyanto et al. (2017) indicates that junior high school learners are very 

extracted in learning mathematical modeling. Likewise, in the study conducted by Riyanto et al. 

(2018), students are also interested in learning mathematical modeling, and the research in elementary 

schools shows the same thing that elementary school pupils can produce good mathematical models 

and are interested in learning mathematical modeling (Riyanto et al., 2019). Based on the Eric's 
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(2010) research results, he recommend that future studies be required in the area of mathematical 

modeling to link theory and practice, to fit between contemporary and approaches of traditional, and 

role of the teacher as a facilitator. The study conducted by Anthony and Hunter (2010) show that 

mathematical modeling and application tasks that are discussed in group settings to give a solid basis 

to learner development of argumentation because they are inherently social experiences with support 

of effective teacher and communication, collaboration, teamwork, and reflection effectively. 

The results of the study conducted by Biccard (2010) show that modeling competencies can not 

develop by implementing traditional approach and essential teaching to develop mathematics as their 

own competence. Development of modeling competencies requires support by wise task selection, 

heterogeneous group formation, and effective teacher knowledge about modeling. The study findings 

of Wong (2008) can have implications to training of teacher on modeling tasks to improve quality of 

mathematical achievement. The suppression on mathematical modeling in school level is to focus on 

the process rather than on the product (Balakrishnan et al., 2010). 

The third research problem is how senior high school mathematics modeling tasks, lesson plan, 

and student worksheet were designed potentially effective?. This study conducted field tests for 

PDAM, Fee Tol, Musi 2 Bridge, Online and Conventional taxi, and Car speed on Tol road. From field 

tests, students was very enthusiastic and enjoyed learning mathematics with mathematical modeling 

and students could make mathematical models using their own methods. From 36 students only one 

student didn’t like this tasks. On field tests also students could make mathematical model but students 

couldn’t validate the mathematical model, so that couldn’t do iteration in modeling process. It is 

caused that learners are rarely to learn mathematical modeling.  

In this study, students studied mathematical modeling to solve real-world problem with emply 

topic in mathematics. In learning mathematical capital, students must make assumptions, make 

selections, make variables, mathematization, working mathematically and validating the obtained 

results both mathematically and in the real world. Similar, the study results of Stillman and Brown 

(2014) show that the inability to mathematize in the classroom is connected to the inability to apply 

relevant mathematical skill in the context of modeling than lack of relevant mathematical skill per 

person, or an orientation view of mathematical applications or persistence on tasks. 

Creativity is needed to face an unknown future and the education should complement learners 

for this purpose (Wessels, 2014). Several skills, such as creativity, spatial, and problem solving, are 

generally associated with art, but it is also a basic part of mathematics, technology, economics and 

politics - forming an integral part of a person's daily life (Robinson, 1999; Hendroanto et al., 2018; 

Ahamad et al., 2018). In mathematical modeling, it is very important for creativity, fluency, 

flexibility, and novelty. It is very important in facing an increasingly complex life. Furthermore, 

Saxena et al. (2016) state that the students' performance has not been at the desired level, the students 

did not solve mathematical problems interestingly. The importance of mathematical modeling in 

schools is at all levels (Mousoulides, 2007). In this study, the creativity of students in learning 
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mathematical modeling rises. In addition, metacognitive development and critical thinking skills are 

seen as importance and must help learners reflect on their answers to modeling tasks (Garofalo & 

Lester, 1985; Schoenfeld, 1992; Mousoulides, 2007). 

In the study conducted by Eric (2013) it concludes that encouraging students in mathematical 

modeling opens up a strategy to teachers to redesign strategies in which leaners be able solve 

problems in real-world problems. Modeling tasks of "travel plan" context take a dimension for 

students to look at agreed phenomena for mathematical thinking, asking them to explain the purpose 

of modeling situations, evaluating these amounts and variables leads relevance to work with 

manipulating, developing, and interpreting the model in many strategies to get solutions (Eric, 2013). 

 In mathematical modeling approach, students should be able to use the many stages in 

modeling cycle to many open-ended tasks (Haines & Crouch, 2010; Knott, 2014). This approach can 

be applied to solve other problems successfully and to develop a critical, reflective individual (Knott, 

2014). The teachers in his study comment that it is essential for learners to learn mathematics is 

helpful in extra-mathematical situations (real-world) and one approach to make students learn 

mathematics with this pupose in thinking must be integrate more modeling activities in mathematics 

learning (Frejd, 2012; Muhtadi et al., 2017; Mumu et al., 2018).  

 Good modeling tasks invite learners to encounter the whole modeling process (Balakrishnan et 

al., 2010). In this study, student was given the entire modeling process. In this study, it can be seen 

from experts review, student’s opinion and student’s solution of mathematical modeling tasks. The 

same results occur in the study using the contexts of Musi 2 Bridge, Toll Road Fee, Car Speed on Toll 

Roads, online and conventional taxis, and the context of the PDAM whose contexts originating from 

the real world situation in which the learning uses authentic, opened-ended problems, students 

assuming, doing election. In this learning, the students produced good mathematical models, active, 

effective learning processes and they were interested in learning mathematics. The results supported 

to several research that shown students are interested in realistic material use real-time daily 

applications for them (Zulkardi, 2002; Saleh et al., 2018; Nuari et al., 2019). 

 Zulkardi and Putri (2019) said that some new components of the 2013 curriculum have the 

same characteristics as PMRI. PMRI and Learning mathematical modeling are not much different 

(Zulkardi, 2017). It indicates the importance of modeling learning in the 2013 curriculum. 

Consequently, teachers should design learning tasks based on the characteristics of mathematical 

modeling tasks. This statement also correspondends to Blum et al. (2019) stating that the design of 

activities in mathematical didactics can be in the form of design of tasks, lessons (lesson plan), 

sequences of teaching, textbooks for mathematical leaning, curriculum, assessments, and ICT-based 

teaching material or programs for teacher education and must be done by teachers, educators, book 

writers, curriculum and assessment developers, designer of ICT, and researchers. This statement is in 

accordance with this study, namely designing modeling tasks, student worksheet, and lesson plan. 
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CONCLUSION 

This study produces the valid and practical high school mathematics modeling tasks, lesson plan, and 

student worksheet. The products alaso have potentially effective. The findings in this study were that 

students were very enthusiastic and enjoyed learning mathematics with mathematical modeling and 

students could make mathematical models using their own methods. Student can apply modeling 

process, so this promoting student’s modeling literacy. Mathematics learning should implement 

mathematics modeling learning starting from elementary school to college level. Then students 

individually and in groups solve this mathematical modeling problem by using suitable mathematical 

topics. There needs to be a change in curriculum that uses real-world problems in mathematics 

learning. There needs to be a training for teachers in designing modeling tasks, implementing 

mathematics learning, and evaluating mathematical modeling learning in schools and colleges. 
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Abstract  

Reflective thinking is known as assessing what they know, what they need to know, and how they bridge that gap 

during learning situations. Relating what students knew with what they learn today is not easy, sometimes they forget 

or just cannot make a connection between it. This study will analyze how the students actively participating in 

reflective thinking by creating project-based learning on statistics lesson based on design research. Thirty-nine 

engineering students, in a group of four, were asked to make their own data, analyze and transfer it into a poster to 

inform the readers about the use of statistics in daily life. This study used the measurement of reflective thinking 

scales by Kember to analyze students answer through the worksheet and instructional activity. The instructional 

activity succeeds to reveals students thinking of all four skills; habitual action, understanding, reflection, and critical 

reflection. Furthermore, it also discovered the misuse of some terms when used in daily life.  

Keywords: reflective thinking, engineering students, statistics, design research 

Abstrak  

Berpikir reflektif dapat diartikan sebagai mengevaluasi apa yang sudah mahasiswa ketahui, apa yang harus mahasiswa 

ketahui dan bagaimana mahasiswa menjembatani perbedaan informasi tersebut selama proses pembelajaran. Proses 

penghubungan informasi lama dan informasi baru tidaklah mudah, terkadang mahasiswa lupa atau tidak dapat 

menghubungkannya. Penelitian ini akan menganalisa bagaimana mahasiswa secara aktif berpartisipasi dalam berpikir 

reflektif dengan mendesain suatu pembelajaran berbasis proyek pada mata kuliah Statistika yang didasari oleh desain 

riset. Tiga puluh Sembilan mahasiswa teknik, yang dibagi dalam kelompok beranggotakan empat mahasiswa, diminta 

untuk membuat atau mencari data mereka sendiri, kemudian menganalisis dan merepresentasikannya ke dalam poster. 

Poster tersebut ditujukan untuk memberikan informasi kepada pembaca tentang penggunaan statistika di kehidupan 

sehari – hari. Skala berpikir reflektif yang dilakukan oleh Kember digunakan untuk menganalisis jawaban mahasiswa 

melalui lembar kerja mahasiswa dan kegiatan pembelajaran. Kegiatan pembelajaran yang dilakukan telah berhasil untuk 

memunculkan 4 kemampuan berpikir reflektif mahasiswa yaitu, habitual action, understanding, reflection dan critical 

reflection. Lebih lanjut, penelitian ini juga menemukan kesalahan penggunaan istilah statistika ketika digunakan dalam 

kehidupan sehari-hari.  

Kata kunci: berpikir reflektif, mahasiswa teknik, statistika, desain riset 

How to Cite: Funny, R.A., Ghofur, M.A., Oktiningrum, W., & Nuraini, N.LS. (2019). Reflective Thinking Skills 

of Engineering Students in Learning Statistics. Journal on Mathematics Education, 10(3), 445-458. 

https://doi.org/10.22342/jme.10.3.9446.445-458. 

 

Learning nowadays is becoming more complex, information is becoming available and changing more 

fast that promote learners to constantly rethink, switch directions, and change problem-solving strategies 

(Porntaweekul, Raksasataya, & Nethanomsak, 2015; Shahrill et al., 2018). These support the 

suggestions to need learning which implemented to train the students think (Palinussa, 2013). It indicates 

that during the process of thinking students should reflected by empower and allow the skills which he 

has, so that he could understood and mastered what he does. Therefore, it is important to reveal reflective 
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thinking during learning to help learners develop strategies to apply new knowledge to the complex 

situations in their day-to-day activities.  

Reflective thinking is a skill which will help learners to express tacit learning habits (Kizilkaya 

& Askar, 2009) which is an inability to actually explain what they know because they just know but not 

understand (Kuswandono, 2017). These skills also have significant role in the development of critical 

thinking (Kizilkaya & Askar, 2009) and critical thinking is one of the criteria that support high- order 

thinking (Ahmad et al., 2018). Then reflective thinking will help learners to develop higher-order 

thinking skill by encourage students to connect new knowledge to prior understanding, to think in both 

abstract and conceptual terms, to demonstrate specific strategies in novel tasks, and to understand their 

own thinking and learning strategies  

Reflective thinking could support students to experience meaningful learning process (Van Es, 

2006). Since students usually seeing a way to take on the future challenges by reflecting on their 

accomplishments and the opportunities for refinement. Ambrose (2004) and Gelter (2003) stated that 

reflective thinking gives opportunities for students to improve their weakness such as justifying 

misconceptions by helping students to think about what they did and why they did it. It indicates that 

the reflective thinking can occurs after mathematical problem solving conducted with the aim checking 

the error of the concepts used and try to justify these misconceptions, so that it can give meaningful 

learning process on mathematical concepts (Betne, 2009). In addition, Agustan (2017) stated that 

reflective thinking can be investigated after someone did a mathematical problem solving. Furthermore, 

reflective thinking can rise the accuracy and concentration when the students solve a mathematical 

problem. 

Practicing reflective thinking in the learning process can be seen by where one question is 

answered by another question since it is a deliberate process of undertaking or cycles of inquiry 

(Ramsey, 2006). It will easily be followed under discussion process. Reflective practice has also become 

part of the movement for ‘active learning’ (McCoy, 2013).  Project based learning, or PBL, is one of the 

best way to ginger students to have active learning. It is because the instructional approach in PBL built 

upon learning activities and real tasks that have brought challenges for students to solve. Moreover, 

these activities generally reflect the types of learning and work people do in the everyday world outside 

the classroom. Problem-based learning engages students with complex, real-world projects that teach 

significant subject content and require the use of a variety of 21st century skills (Grant, 2002; Ahamad 

et al., 2018). PBL also allows students to reflect upon their own ideas and opinions, and make decisions 

that affect project outcomes and the learning process in general. Thus, the model of project based 

learning accordance to the concept of reflective thinking.  

In the college, statistics course is the development of statistical material that students got in the 

Senior High School. This development will be used for research analyzing to do thesis. Therefore, if 

students could not get the essential knowledge of the concept so they will tend to just follow the formula 

without a proper understanding of the meaning (Palinussa, 2013; Tanujaya et al., 2018). It is still could 
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be categorized as accomplishment of meaningful understanding in students (Dündar & Gündüz, 2017; 

Kusumaningsih et al., 2018). Usually, in this case students do not know what they are doing, why they 

are doing this and what is they doing for. Like when students who can cite the definition of a 

parallelogram but they could mention that rectangle is not a parallelogram is still categorized as 

meaningful understanding (Muhtadi et al., 2017; Saleh et al., 2018). One solution to help students have 

better understanding on statistics is to integrate active-learning strategies that grants students to 

apprehend what they have heard and read about statistics (Smith, 1998; Tanujaya et al., 2018).  

Finally, reflective thinking answers the need of incorporate of what students’ have heard, read 

and learn with what they will learn today. Therefore, the purpose of this study was to develop an 

instructional activity which can support students’ reflective thinking skills and to measure their 

reflective thinking by using the instructional activity. Investigate subject’ thinking can give description 

and insight how reflective thinking can be applied in learning mathematical concept. Since when 

students doing the project, the teacher can observe students’ processes of learning and student’s 

mathematical reflective thinking (Anwar et al., 2012). As a result, we can develop the best way to teach 

the students in providing a chance to reflect their prior knowledge and connect it with the future.  

 

METHOD  

This study designed instructional activity based on design research, an approach that envisions a 

tighter, more rigorous connection between learning principles and feature of the educational innovation 

(Walker, 2006), to reveal students’ reflective thinking skills. The aims of this study in line with design 

research is to discover ways to develop a design, such as learning activity, based on theory and to 

determine the effectiveness of this design in practice (Funny, 2019). Hence, the design of instructional 

activity of this study will help to improve the mathematics education toward the reflective thinking 

skills. Combining with project based learning, the innovative design will give an intervention for the 

students to learn statistics while reveal their reflective thinking skills.  

The participants of this study consisted of 39 of second year students in Adisutjipto College of 

Technology majoring on Aerospace Engineering who take statistics and probability course in the 

academic year of 2018/2019. Participants were divided into groups of four students to do the 

instructional activity based on project based learning.  

Instruments to measure the reflective thinking skills when the students learning statistics was 

adopted from Kember et al. (2000). The worksheet as this instrument was the opposite of Kember 

Reflective Thinking Scale’ Questionnaire. If the questionnaire provides a statements that should be 

answered in five degree of Likert Scale, our worksheet will ask questions with various answers. The 

main idea of the worksheet both for poster maker and visitors is writing questions to reveal the reflective 

thinking of learning process of statistics. The students’ answers which will be examined using reflective 
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thinking scales by Kember that consists of four constructs or skills (Habitual Action (HA), 

Understanding (UN), Reflection (RE) and Critical Reflection (CR)).   

The experiment was administered to the participants in their regular classrooms by the researcher. 

The project was delivered to the students begin on the second meeting of the course then it will continue 

until the Exhibition Day on the seventh meeting. This project consumed 6 weeks of the course. On the 

fourth until sixth meeting participant was having group discussion to analyze the data. This group 

discussion was paper-based recorded in the worksheet and by the researcher. In the exhibition day, the 

participants were divided into two roles, poster maker and visitor. The worksheet has to be completed 

while they were playing their roles.  

The participants’ responses were recorded by the researcher both in paper-based and digital-based 

like taking a photo and recording a video. These data were analyzed using qualitative approach in order 

to describe the implementation of learning activities and processes to reveal the reflective thinking skills 

clearly.  

 

RESULT AND DISCUSSION  

The Instructional Activity in Learning Statistics which Promote Students’ Reflective Thinking 

Table 1 shows the instructional activity which is designed in this study. It consists of three phase 

which are planning, analysing and displaying. This activity referred to project-based learning method as 

a small project in a short period. The focus on this project is to reveal students’ reflective thinking skills. 

Therefore, statistics is selected as the teaching material since students have already learn the basic skills 

of statistics since Elementary Schools. So, it is expected to ease students recalling their prior knowledge 

and connecting with their problem now. This project call “Say it with Data”. Furthermore, the 

instructional activity which was designed by this study is briefly summarised in Table 1.  

 

Table 1. Main Instructional activity in the project ‘Say it with Data’ 

Phase Duration Teaching Activities 

Planning Week 1 – 

Week 2 

a. Group Formation 

b. Observe environment  

c. Identify issues or problem in their daily school activity 

d. Determine the title of the data 

e. Pose questioner to collect a data (Data Collection) 

f. Taking a photo while collecting data as a proof that the data is 

collected by their own 

Analysing 

Data 

Week 3 – 

Week 5 

a. Writing all info that you want to know from the data 

b. Discussing how to answer questions (a) 

c. Find the answer of questions (a) 

d. Summarize it all in a poster 

Displaying 

the Data 

Week 6 a. Display all the posters in Exhibition Day of “Say it with Data”. 

b. One students each group have to be a poster maker and have to 

answer all visitor questions.  

c. Others are being the visitor to examine every poster  

d. Each student, while doing his role, will complete the worksheet.  

e. Submit the worksheet. 
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Table 1 shows the results of the instructional activity which could reveal students’ reflective 

thinking skills. Although the students’ response shows misconception of their prior knowledge but it 

can prove that students reflect the problems in the project with their existing knowledge. Like the 

concept of Mode. It is known in school that mode means the value that appears most often.  

For example, the mode of a set [2, 4, 6, 6, 6, 6, 9, 9, 11, 11, 15] is 6. This concept has already 

learnt by students in Junior High School. They also learnt that mode could not just one number, can be 

two numbers or three numbers that appears with same often. Such as, given a set of data [3, 3, 5, 7, 7] 

the mode is not unique – the data set may be said to be bimodal, while a set with more than two modes 

may be described as multimodal. This will not be a problem until one group in the project come up with 

the data ‘The importance of using Makeup’ (see Figure 1). The data shows that 15 students said ‘Very 

Important’, 46 argued ‘Just Important’ while just 7 students considered ‘It does not necessary’. Looking 

the set of number [15, 46, 7], students easily conclude that the 46 is the mode of this data. Some students 

argued that 46 is the Maximum Value of the data, not the Mode. Others also have different opinion that 

said this data does not have Mode since all the number appears once. It leads students to have class 

discussion. They recalled all their prior knowledge about the Mode and connected into their current 

problems (Figure 1).  

 

Frequency using make-up: 

1. Yes = 21 

2. No = 12 

3. Sometimes = 35 (means “modus”) 

The number of all data = 68 

Make-up utilization priority: 

1. Very important = 15 

2. Important = 46 (means “modus) 

3. Not Important = 7 

 

Figure 1. Data of ‘The importance of using Makeup’ 
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After several debates, the discussion drawn a conclusion that Mode in discrete data is the value that 

appears most often. Meanwhile, Mode in the continuous data is a locally maximum value, so any peak is a 

mode. In order to estimate the mode of the underlying distribution, the usual practice is to discretize the data by 

assigning frequency values to intervals of equal distance, as for making a histogram, effectively replacing the 

values by the midpoints of the intervals they are assigned to. The mode is then the value where the histogram 

reaches its peak (Rumsey, 2006)  

This discussion shows that the activity in the project could reveal reflective thinking skills of the students. 

It has been successfully indicated students of four skills of Reflective Thinking by Kember et al. (2000), namely 

Habitual Action, Understanding, Reflection and Critical Reflection (see Table 2). The Habitual Action (HA) 

addressing the students who disagree that 46 is the Mode as their dependency on what their School teachers 

says as the only source of learning. While Understanding (UN) is addressed by students’ opinion that 46 is 

Maximum Value or the data does not have Mode as their continuous thinking of the concept and content of the 

problem. Furthermore, the Reflection (RE) can be showed in the class discussion which students concern on 

questioning the way other argued, thinking of alternative ways of argument, reflecting and re-appraising 

experience within others. Last, the Critical Reflection (CR) pointed out by the conclusion that the “Importance 

of using Makeup” cannot be seen as a usual discrete data. The CR that shown in this case deal with changing 

students’ outlook and challenging their firmly held ideas. Actually, there were several cases in applying this 

instructional activity which can reveal students’ reflective thinking skills. Parsimony, we leave the other cases 

in this paper.   

Table 2. Construction of Reflective Thinking Process and Questionnaire (Kember et al, 2000) 

Dewey (1998) Lee (2000) Agustan et.al (2017) Kember et.al (2000) 

 An experience  Problem context  Formulation and 

synthesis of 

experience 

 Habitual Action (HA): 

behaviour knowing-in 

action 
 Spontaneous 

interpretation of the 

experience 

 Problem 

definition/reframing 

 Naming the problem 

 Generating possible 

explanations for the 

problem 

 Seeking possible 

solution 

 Orderliness of 

experience 

 Understanding (UN): 

makes use of existing 

knowledge 

 Ramifying the 

explanations into 

full-blown 

Hypotheses 

  Evaluating the 

experience 

 Reflection (RE): 

engage to explore 

their experiences in 

order to lead to new 

understanding 

 Experimenting or 

testing the selected 

hypotheses 

 Experimentation  Testing selected 

solution based on the 

experience 

 Critical Reflection 

(CR): becoming aware 

of why we perceive, 

think, fell or act as we 

do 

 Evaluation  

 Acceptance / 

rejection  

 

Hence, the result of the worksheet that given in the Exhibition Day shows the effect of 

instructional activity into reflective thinking skills of the students. Moreover, students were very 



Funny, Ghofur, Oktiningrum, & Nuraini, Reflective Thinking Skills of Engineering Students in Learning Statistics          451 

enthusiastic in playing their roles. The visitors truly bombarded the poster maker with many questions 

in the middle of hot class air as seen in the Figure 2. The poster maker should be able to explain all about 

the poster of their group made, the content, the process, the analysis or the conclusion.  

 

Figure 2.  The poster maker answers visitor questions 

 

While students got around the exhibition, they have to write down all the questions and answers 

they have done (see Figure 3). Since this study will examine student’s reflective thinking skills based 

on their answer in the worksheet. 

 

Figure 3.  The participants record the answer and the question on the worksheet 

 

The design of the poster also become one of attractive point in the exhibition. The visitors usually 

come into their favorite poster first then asking some questions. In this phase, visitors tried to pay full 

attention into poster makers’ explanation (see Figure 4). 

 

Figure 4. The visitors observe the poster maker explanation seriously 
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The Students' Reflective Thinking Analysis Using the Instructional Activity 

The result of the worksheet shows all of reflective thinking skills appears on students. Refer to 

Table 2 of Construction of Reflective Thinking Process and the Questionnaire of Kember et.al (2000), 

this study is naming the categories emerging from the analysis with the four skills as described below: 

a. Questions that belong to Habitual Action (HA) appears when the questions are such a habit of 

repetition and their dependency on what the teacher says as the only source of learning. In other 

words, it is such a common questions or using questions that have been given as an example before.  

b. Questions that belong to Understanding (UN) appears when the questions show their understanding 

of the concept and content continuous thinking of material taught. We could say it such a developed 

question that has deep comprehension.  

c. Questions that belong to Reflection (RE) appears when the students’ questioning the way others do, 

thinking of alternative ways, reflection on actions and re-appraising. Let say ‘out of the box’ 

questions.  

d. Questions that belong to Critical Reflection (CR) appears when the questions changing students’ 

outlook, challenging their firmly held ideas, changing their routines as well as finding faults with 

their belief. This types of challenge question or badly called as deadly questions.  

 

From all the participants we found more than 173 questions, 122 from visitors and 51 from poster 

maker. Since a visitor can visit more than one poster, so he will collect several questions. Here the briefly 

number about four s of questions that we have found in the worksheet.  

 

Table 3. The results of reflective thinking skills among students’ questions 

 Visitors (asking questions) Poster maker (being questioned) 

HA 66 54% 29 57% 

UN 29 24% 11 22% 

RE 20 16% 7 14% 

CR 7 6% 4 8% 

 

Table 3 shows that more than half of students’ questions still belongs to the first skill, HA. The 

questions that belonging to habitual action skills are listed below: 
 

‘How do you get the data?’,  

‘What methods do you use to collect your data?’,  

‘Is there any difficulties in collecting the data?’,  

‘What is the aims of your data?’ and etc. 
 

It shows that students just asking for an ordinary question, that they actually have already known 

the answer without asking to the poster maker. Since one students can ask several questions, it found 

that almost on every student question appeared this skills (see Figure 5), habitual action. 
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“Q: Did you find any problem in collecting the data? “ 

“A: No, I did not. Since it is given by the officer. “ 

Figure 5. Question belongs to Habitual Action  

 

Furthermore, quarter of questions stand in UN skills by asking the material of the poster 

information related with statistics. It is questions about something deeper from the poster such as: 
 

‘How long do you take the data?’ 

‘How many sample do you take to complete your data?’ 

‘Is the data homogenous?’ 

‘Did you taking a part in collecting the data?’ and etc. 
 

These question not only asking about how do you get the data but also the story behind it. These 

students have applied their knowledge about collecting the data, types of data, and the roles of researcher 

and so on. Therefore, these kinds of questions (see Figure 6) are belongs to UN. 

 

“Q: What is the meaning of 45.59% buying make up for Rp. 300.000? Since the poster did not give 

the price interval or comparison. “ 

“A: Actually, the interval used in this research are 0-100.000, 100,000- 300.00 and more than 

300.000“ 

Figure 6. Questions belongs to Understanding  

 

Meanwhile, the Reflection (RE) skills come from questions about relating students’ old 

knowledge to get new understanding like: 
 

‘Why for boys, the class is distributed fairly?’ 

‘Why women using make up?’ 

‘Could blood being expired?’ 

‘Why the participant using social media?’ and etc.  
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The point is, the questions reflect information that not appear in the poster but they can consider 

it from the poster. They reflect the poster whether it could be improved or could be done in a better way 

with more information. Therefore, these types of questions are Reflection (see Figure 7).   

 

“Q: What is the positive conclusion from your Survey? “ 

“A: Not all woman is driven by beauty stigma. Some of them are confident with their inner 

beauty. “ 

Figure 7. Questions belong to Reflection  

 

The last question skill that appears in the worksheet is CR skill. The questions that belongs this 

skill must go through various experience, reflection and thought also related with testing other 

knowledge, for example: 
 

‘What is the meaning of deviation coefficient that you wrote on your poster?’ 

‘What is the meaning of heterogeneous and homogeneous from the library visitors?’ 

‘How does the way to improve passenger’ safety in the flight?’ 

 

This kind of questions often need additional explanation after the first answers. So, it could 

frighten the answerer or it could not be answered. Thus, sometimes it become a deadly question like 

the question on Figure 8.    

 

“Q: Is the price of Burjo (Mung Bean Porridge) rise as long as the customer demand?” 

“A: Yes, we had surveyed that the cheaper Burjo make more customer come to buy.” 

Figure 8. Questions belong to Critical Reflection  

 

In addition, the reflective thinking also found on the students’ opinion of the learning process 

like shows in Figure 9.  
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“In my opinion, there is some data that insufficient with the title. For example, the title is “The impact 

of …….” but they did not put it out in the poster. The design of the poster was well -turned, while the 

content not only show data but also problem facts. Moreover, it has persuasive sentence which leads to 

positive things. Overall, this exhibition seemed a data showcase.” 

Figure 9. Students Opinion that shows Reflective Thinking 

 

Figure 9 showed students notion about the exhibition they had. All of the students gave reflection 

on this part. Some of them just gave common reflection but many of them gave deeper reflection of 

what they like and dislike from this project, what they feel about the way of learning and also their 

recommendation to have better project next time.  Critical reflection not only showed from the opinion 

about the project but also from the opinions of the poster maker about the visitor character. When they 

asked to give their impression from the visitor that came to their poster, they told us positive response. 

Most of them showed that the visitors were very interested to their poster by asking many questions that 

sometimes unpredictable for the poster maker (see Figure 10). 

 

“Hizkia Timotius have a catchy question which out of my mind.” 

Figure 10. Poster Maker Opinion That Belong to Critical Reflection. 

 

Reflective thinking skill of this engineering students’ mostly still in Habitual Action (HA) skill. 

Although, some of them success to reveal the other three skills, Understanding (UN), Reflection (RE) 

and Critical Reflection (CR). But it happened as the prompting of the instructional activity on the project 

designed. Reflective thinking usually is not spontaneous; it must be stimulated intentionally by the 

educational context (Khalid et al., 2015). Lecturers should be able to allow for approaches that put 

forward learners’ mental activities like reflective and critical thinking now and later in their classroom 

learning process (Tuncer & Ozeren, 2012).  
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CONCLUSION  

The Instructional Activities which made in this study were success to reveal students Reflective 

Thinking skills. But students still need encouragement to reflect spontaneously on their learning process. 

Therefore, lecturers and learning activities still play an important role in guiding students to develop 

better reflective thinking skill. Also, it found that the coding scheme of Kember et al (2000), with 

refinement, could be used to analyze and categorized types of questions in students’ reflections thinking 

skills. Revealing student’ reflective thinking skill is not an easy job. If it has appeared, try to maintain 

and improve it. Because we know that learning is a lifelong journey. 
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Abstract  

This study aimed to create mathematical problems of uncertainty and data contents in PISA using aquatic 

context that were valid, practical and had the potential effect. This study was design research of development 

study. The subjects in this study were 10th-grade students of Indo Global Mandiri senior high school in 

Palembang consisting of 20 students. Data were gathered through interviews, observation, and tests. The results 

of data analysis showed that there were eight valid and practical items of PISA type of uncertainty and data 

contents. The contents obtained using bicycles and aquatic contexts in Asian Games. The 11 out of 20 students 

showed reasoning skills and reasonable arguments, and 9 out of 20 students showed reasoning skills and 

discussions but incomplete. It was because they were not used to solving PISA type problems in learning. 

Keywords: task design, PISA, aquatic context 

Abstrak  

Tujuan dari penelitian ini adalah menghasilkan soal matematika tipe PISA dengan konteks cabang olahraga 

akuatik yang valid, praktis, serta memiliki efek potensial. Penelitian ini merupakan penelitian pengembangan 

design research tipe development study. Subjek dalam penelitian ini adalah siswa kelas X IPA 1 SMA LTI-IGM 

Palembang yang berjumlah 20 siswa. Pengambilan data dilakukan dengan cara wawancara, observasi dan tes. 

Dari hasil analisis data penelitian ini menghasilkan 8 soal tipe PISA konten uncertainty and data menggunakan 

konteks sepedan dan akuatik yang valid dan praktis dan dapat disimpulkan bahwa 11 dari 20 siswa 

menunjukkan kemampuan penalaran dan argumen yang baik dan 9 dari 20 siswa menunjukkan kemampuan 

penalaran dan argumen tetapi kurang lengkap, hal ini dikarenakan tidak terbiasanya siswa dengan soal-soal tipe 

PISA dalam pembelajaran. 

Kata kunci: task design, PISA, konteks cabang olahraga akuatik 

How to Cite: Maharani, L., Putri, R.I.I., & Hartono, Y. (2019). Aquatic in Asian Games: Context of PISA-Like 

Mathematics Problem. Journal on Mathematics Education, 10(3), 459-470. 

https://doi.org/10.22342/jme.10.3.5252.459-470. 

 

Statistics is part of the mathematical material consisting of ways of data collection, data processing, and 

drawing conclusions based on data collection and data analysis performed (Bakker, 2004; Chong, et al. 2017; 

Tanujaya, et al. 2018). Statistics is widely applied in various disciplines like in natural sciences, business, and 

industry, where almost every decision made in the field uses statistical reasons (Adams & Lawrence, 2018; 

Salkind & Frey, 2019). Therefore, statistics is one of the essential subject that must be to learn for students. 

Many students face difficulties in solving statistical problems that result in low achievement. It 

happens because students have not been accustomed to solving problems with the characteristics of a real 

context, and only work on the issues that the teacher exemplifies without knowing the benefits in daily life 

(Muttaqin, et al. 2017; Saleh, et al. 2018; Cukurova, et al. 2018; Nasution, et al. 2018). It is in line with the 

results of PISA for uncertainty and data content where in 2003 PISA results, Indonesia was ranked 38 out of 

40 countries with a score of 385 (OECD, 2004). While the results of the 2012 PISA, Indonesia was ranked 63 

out of 65 countries because the score of Indonesian students, 384, was far below the average OECD score of 

mailto:ratu.ilma@yahoo.com


460 Journal on Mathematics Education, Volume 10, No. 3, September 2019, pp. 459-470 

493 for uncertainty and data content (OECD, 2014). In addition, the Indonesian students were only able to 

resolve the matter of uncertainty and data up to level 5 of about 0.3% of students, far below the OECD 

average of 9.2% of students able to solve level 5 problems, even 3.2% students were able to complete up to 

level 6 (OECD, 2016). It showed that Indonesian students' mathematical literacy was still very low in 

resolving problems of PISA type. 

The low ability of Indonesian students in PISA is because Indonesian students are not familiar with the 

contextual problems such as in the PISA problem, especially about the high level both in the process of 

learning and evaluation (Novita, et al. 2012; Ahyan, et al. 2014; Kamaliyah, et al. 2014; Stacey, et al. 2015; 

Oktiningrum, et al. 2016). On the other hands, there is the challenging to find contextual problems designed 

to hone student problem-solving skills and have PISA characteristics and frameworks on mathematics 

textbooks used by Indonesian students (Stacey, 2011; Wijaya, et al. 2014; Wijaya, et al. 2015). The problems 

should be the basis for the development of the 2013 curriculum, adjusting the learning in Indonesia with the 

questions tested on PISA so that the problems used must be adapted to the characteristics of PISA 

(Kemendikbud, 2014). Therefore, non-routine issues with PISA characteristics are required to familiarize 

students with the necessary procedures to solve the PISA problems. 

In uncertainty and data content, researchers are more centered on its data content, where the content of this 

data is a statistical matter. Statistics learning in Indonesia is generally teacher-centered without the effort to develop 

students' math ideas through interaction or discussion (Widjaja, Julie, and Suryandari, 2010). Also, Groth (2006) 

also revealed that the learning was carried out by giving the formula directly without first learning about 

meaningful basic concepts and procedures for students. Shi, He, and Tao (2009) added one of the causes of 

students less interested in statistics is because statistics are taught theoretically and less connected to the real world. 

Thus, the students do not know the application on each of these materials. It has an impact on the decrease in 

students' motivation and achievement in learning statistics. Therefore, non-routine questions with PISA 

characteristics are required to make students accustomed to solving problems of PISA type. 

Statistics is vital in the field of sports and have a close relationship (Escalante, et al. 2013; Bernards, et al. 

2017). Several researcher already develop the PISA-task problem based on the sports context in the 2018 Asian 

Games (Gunawan, et al. 2018; Rawani, et al. 2019; Efriani, et al. 2019; Yansen, et al. 2019; Pratiwi, et al. 2019; 

Jannah, et al. 2019). Therefore, this research produce a problems of uncertainty and data contents in PISA using 

aquatic context that were valid, practical and had the potential effect of reasoning skills for students. 

 

METHOD  

This study was design research of development study (Akker, 1999; Bakker, 2004) aiming to produce 

valid and practical PISA mathematics problems for class X and to examine the potential effects of the issues 

developed on mathematical literacy skills of high school students. This study was conducted in two stages 

namely preliminary evaluation and formative evaluation (Tessmer, 1999; Zulkardi, 2006).  

The preliminary evaluation stage consists of preparation where at this stage, it becomes the first step of 

the researchers in developing the problem of PISA type. At this stage, the researchers analyzed the 
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characteristics of the PISA problem and the essential competencies of the questions to be developed based on 

the PISA framework. Then, the designing was at this stage; researchers designed the problem device, 

including the question grids and the question card according to the characteristics of PISA problems. 

The formative evaluation stage consists of self-evaluation where in this stage the assessment of the 

designing problem of PISA type was done by the researchers themselves then it was revised and prototype 1 

problem obtained. Then proceed to the expert review stage where at this stage, prototype one made by 

researchers was consulted to experts to validate and evaluate based on the validation criteria of content, 

constructs, and language. Simultaneously the researcher performed one to one stage. At this stage, they asked 

three students who were not the subjects of study as testers and were asked to work on, observe, comment, 

and respond freely to the question of prototype 1. After the one to one stage, the researchers entered the small 

group stage where at this stage they tested prototype 2, the revision of prototype 1, to a group of students who 

were not the subject of study, so that prototype three was obtained.  

Then the researcher enters the final stage of the field test where at this last stage the researcher tries the 

prototype three questions to the field where the situation is realistic where the test is carried out on the 

research subject. The subject in this study were 10th-grade students of Indo Global Mandiri senior high 

school Palembang consisting of 20 students aged 15 years old. The data were gathered through the 

walkthrough, observation, and interview and analyzed qualitatively.  

 

RESULT AND DISCUSSION  

Analysis Stage  

One activity conducted at the stage of student analysis was to visit the place of research 

implementation at SMA LTI Indo Global Mandiri (IGM) Palembang. Furthermore, researchers discussed the 

subject of study with Siti Marfuah, S.Pd., as the classroom teacher. The purpose of this discussion was to 

explain the research procedure, to determine the subject of research on stage one to one, small group, and 

field test with 20 students of 10th-grade science 1 LTI-IGM senior high school Palembang. 

The subject matter was identified based on the curriculum used in the school where the study was 

conducted. The curriculum used in LTI-IGM senior high school Palembang is the 2013 curriculum. In this 

curriculum, the standard content of mathematics learning includes numbers, algebra, geometry, and data 

management. After analyzing the students and the curriculum, the researcher analyzed the PISA problem 

based on the PISA framework, then they also studied various things about the Asian Games that could be 

used as contexts in developing the math problem of PISA type, and three contexts were obtained namely 

bicycle, swimming, and synchronized swimming. 

Design Stage 

At this stage, researchers began designing and compiling the PISA math problems using the cycling 

road and aquatic context. These questions were designed for 10th-grade senior high school students. The 

result is obtained from developing in the form of instrument consisting of question grids of PISA type 

mathematics using bicycle and aquatic context, PISA type cards using bicycle and aquatic context for senior 
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high school level, rubric assessment of PISA mathematics problems using the bike and aquatic context for 

senior high school level, and lesson plan. The five items were generated in this designing stage, namely 

bicycle (2 items), swimming (1 item), and synchronized swimming (2 items). 

Evaluation Stage 

a. Self-Evaluation 

At this stage, the PISA mathematical problems using a bicycle and aquatic context had been designed 

and then reexamined by the researchers. It aimed to find and correct errors or deficiencies in the design 

process. Supervisors also assisted in the examination of questions that researchers had designed during the 

consultation before conducting the research. 

b. Expert Reviews 

The validity of a PISA mathematical problem using a bicycle and aquatic context was carried out in 

terms of content, constructs, and language. Before giving to the expert, these questions were discussed 

previously with the supervisors. The experts who reviewed the problems were Hongki Julie, lecturer of 

mathematics education at Sanata Darma University, Yogyakarta, Zulkardi, professor of mathematics education 

at Sriwijaya University, Palembang, Somakim, lecturer of mathematics education at Sriwijaya University, 

Palembang, Rani, assistant professor of mathematics education at Sriwijaya University, Palembang, and Siti, 

high school math teacher in LTI-IGM Senior High School Palembang. The validation process by Hongki Julie 

was carried out via email. While the process of validation by Zulkardi, Somakim, and Ranni was executed 

through the item panel then validation with the model teacher was done face to face in the library LTI-IGM 

Senior High School Palembang. Table 1 explores a recapitulation of expert suggestions and comments. 

 

Table 1. Recapitulation of Expert Suggestions and Comments 

Unit Item Suggestions and Comments 

1 Honki 

Item 1: Clarify again the words “grafik”. 

Item 2: Is the answer only on the track only? 

Ranni 

Item 1: the picture needs to be clarified because the description in the image does not 

exist so it make the students difficult to draw the possibility of the graph. 

Item 2: The meaning of the question is still unclear. Can be slightly changed to “Based 

on the picture above, when will the players go at high speed? Give me your reasons” 

 Siti 

In general: 

Provide a description of the boundary on the picture, so that students can comprehend the 

meaning of the problem. 

Item 1: Typo 

2 Ranni 

In general: if it can be made into two problems. Problem 3 completing the table and 

Problem 4 about the question. 
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3 Zulkardi 

In general: 

Do not camouflage if you can find the original data. Then avoid using the exclamation 

mark (!) in the problems. 

Item 4: a jury in a big game is never absent. Although unable to attend, certainly replace 

people. So there's no way there's no value at all 

4 Ranni 

In general: 

Add captions when scoring is viewed from the highest point, and if there are similar 

points, then scoring is seen from goal difference. Then it's Asean Games data. If possible, 

because we use the Asian Games context so the data used is the Asian Games data 

5 Zulkardi 

In general: 

The numbers and letters in the picture must be the same as the letters in the question, 

because they are illustrations, so it should be clear. 

Somakim 

In general: 

Later there must be fooled students who think that the high bar diagram wins. 

Ranni 

In general: 

The correct one is 4 x 100 m or 4 x 10 m, because in the title of relay swimming 4 x 

100m but in explanation 4x10m relay swimming.  

Item 8: this can be added in question “Berdasarkan grafik di atas….. (Based on the graph 

above …..)” 

Item 9 questions can be changed to “berdasarkan grafik di atas, pemain manakah yang 

mempunyai pengaruh lebih besar agar negaranya menjadi emenang dalam perlombaan? 

(Based on the graph above, which player has greater influence to make his country win in 

the race?)” 

Siti 

Item 8: Typo 

 

c. One-to-One 

In this stage, the researcher used three levels of student ability, high-ability students (S.R), 

medium-skilled students (O.V.W) and low-ability students (J.C.T). The students were then asked to 

read the questions on prototype 1 with ten items and solve the problems. It aimed to observe students' 

responses and difficulties while working on each question, whether the student understood the intent 

of each item developed. Researchers here only act as facilitators who oversee and assist students if 

they have difficulty in answering questions. 

d. Small Group 

At this stage, researchers tested the revision of prototype 1 called prototype to 6 students of 

10th one class of Year 10 students from one Senior High School at Palembang consisting of 2 high-

ability students (IF and RH), 2 medium-skilled students (TW and DR), and 2 students low-performing 

(NF and APW). At this stage, researchers began learning by providing an apperception of the Asian 



464 Journal on Mathematics Education, Volume 10, No. 3, September 2019, pp. 459-470 

Games, sports at the Asian Games, statistical materials and links to sports at the Asian Games. Then 

the researchers distributed the activities of prototype 2 units 1 and 2 to students and students were 

required to understand in advance the activities that had been distributed. Then the students did the 

questions individually for 5 minutes, then discussed in groups where one group consisted of 3 high-

ability students, moderate, and low. After the discussion, the researchers asked representatives of each 

group to present their work. 

e. Field Test 

The field test was conducted on November 20, 2018. At this stage, the prototype three 

questions were tested to the research subjects, i.e. students of class X IPA 1 SMA LTI-IGM, which in 

1 class consisted of 20 students. In this field test, the data collection techniques are in the form of 

walkthrough, observation, interview, and analyzed qualitatively that can be seen in Figure 1. 

 

Figure 1. Teacher guiding student discussion during field test 

 

At the first meeting, Miss Siti began learning by giving apperception on the Asian Games, 

sports at the Asian Games, statistical materials and links to games at the Asian Games. Then the 

teacher distributed the activity in the form of prototype three units 1 and 2 to the students, and the 

students were asked to understand first the events that had been distributed. Then the teacher asked 

students to do the questions on the individual activities for 5 minutes, later discussed in groups where 

one group consists of 3-4 students. There were four groups in this class. After the discussion, the 

teacher asked representatives from each group to present their work. M.N. is one of the students who 

work on the activities of prototype three units 1 and 2 (Figure 2).  
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Figure 2. Prototype 3 Unit 1 (left) and Unit 2 (right) 

 

At the second meeting on November 21, 2017, the teacher held a test, where the test questions 

are prototype three units 3 and 4. Here is a description of the students when conducting the test. The 

model teacher monitored the test for IPA 1 class X, so no students were allowed to discuss something. 

Students are given 90 minutes. Here is one of the student answers. Figure 3 is one of the problems that 

have been developed by researchers. 

 

Renang Estafet 4 x 100 m 

Diagram di bawah ini menunjukkan hasil perlombaan renang estafet  m untuk 5 besar 

Negara pemenang. Negara dengan pencetak waktu tercepat itulah yang mendapatkan medali emas. 
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Soal 7 

Berdasarkan grafik di atas negara manakah yang menjadi pemenang dalam perlombaan? Berikan 

alasanmu. 

Soal 8 

Berdasarkan grafik di atas, pemain manakah yang mempunyai pengaruh lebih besar agar negaranya 

menjadi pemenang dalam perlombaan? Berikan alasanmu. 

 

Figure 3. Prototype 3 Unit 4 

 

Based on field test results, from 20 students, only one student answered wholly and correctly, 

13 students responded incompletely, and six students reacted wrongly. Here are some students’ 

answers on 1 unit about running relay. 

 

Figure 4. Student's Answer (H.A.) 

 

In Figure 4, the student responded to player 1, a player who was very influential on the win of 

the relay swimming race. It was because player 1 was a player who started the start so players must 

start the race with high speed to win the swimming relay race. 

 

Figure 5. Student's Answer (S.A.D) 

 

In Figure 5, S.A.D replied that the most decisive player of victory was player 4. It was because 

the 4th player was the last player to reach the finish. Then, the 4th player was the winner of every 

country. 
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Figure 6. Student's Answer (B.P) 

In Figure 6, B.P responded that the influential players were payer one and player 4. It was 

because player 1 was a player who started the start while player 4 was a player who reached the finish 

line. Then the speed of player one should be superior so that other players, especially player four, do 

not have difficulty to achieve the finish. If player 1 starts to start slowly, then player four will be 

difficult to catch up. Besides, four players must also be faster; it is because four players are the winner 

of each country. 

In unit 4, obtained mathematical literacy abilities that appear on students' answers, namely the 

strength of reasoning and argument. Based on the analysis of the solutions of students in this unit, it 

seems that the ability that is owned by students is the ability of reasoning and argument wherein the 

first problem students do not understand the available charts and have errors in answering which 

countries won the race. Furthermore, in the second question, there are still many students who answer 

the statement, but it is incomplete. The results supported from several research stated that some 

students also find it difficult to give statements that support or refute their arguments to answer given 

questions (Novita, et al. 2012; Kamaliyah, et al. 2014; Oktiningrum, et al. 2016; Wijaya, et al. 2014; Wijaya, 

et al. 2015; Mumu, et al. 2018; Gunawan, et al. 2018; Sukirwan, et al. 2018; Pratiwi, et al. 2019). 

 

CONCLUSION  

There are eight valid and practical items of PISA type of uncertainty and data contents obtained 

using bicycles and aquatic contexts in Asian Games. Characteristics constructed in the development 

of this problem were PISA characteristics and used the context within the scope of Asian Games, a 

personal context consisting of 1 issue of application ability and seven issues of interpretation. The 

validity of the questionnaire could be seen in terms of the content, whether the question was 

compatible with the dominant PISA literacy for context, content, and process capability. Construct, 

whether the problem was in line with the characteristics of PISA and the ability of the students of 
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class X, and language, was it a matter of using a style compatible with EYD and understood by 

students. It was done in expert reviews and one to one phase. The practicality criteria of the problem 

revealed from the results of the small groups where this type of PISA math problem used contexts 

known, understood, and applied in learning. The potential effects on PISA math problems can be 

obtained from the analysis of student responses in the field test phase in order to see the ability of 

mathematical literacy that appears in the student's answer. Judging from the issues discussed, it 

showed students' reasoning, and argumentation abilities, where 11 out of 20 students demonstrated 

reasoning skills and reasonable arguments and 9 out of 20 students showed reasoning skills and 

discussions but incomplete. 
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